
P r e p a r e d  f o r  

G o d d a r d  S p a c e  F1 i g h t  C e n t e r  
G reen be 1 t , Ma r y  1 and 

2. ' Lt 
6 

F i r s t  Q u a r t e r l y  R e p o r t  

FORMULATION OF THEORETICAL B A S I S  FOR 
ANALYS I S AND SYNTHES I S OF ADVANCED 

S E L F- O R G A N I Z I N G  CONTROL SYSTEMS 

C o n t r a c t  No .  : N A S 5 - 1 0 1 4 9  

WHRUI 

(CODE1 

(CATEGORY) 

d WESTGATE R E S E A R C H  PARK 
7700 O L D  S P R I N G H O U S E  ROAD * McLEAN.  VIRGINIA 22101 

3. * 



F i  r s t  Qua r te r1  y Report  

FORMULATION OF THEORETICAL B A S I S  FOR 

ANALYSIS AND SYNTHESIS  OF ADVANCED 
SELF-ORGANIZING CONTROL SYSTEMS 

( 1 7  Mar.,1966 - 16 Jun., 1966) 

Cont rac t  No.: NASS-10149 

L. 0. G i l s t r a p ,  J r . ,  S. Schalkowsky 

R. M. McKechnie, I I I, R. L. Barron,  C. W .  Armstrong 

P repa red  by 

Wes tga t e  Resea rch  Pa rk  
7700 O ld  Springhouse Road 
McLean, V i  r g  i n  i a  221 01 

ADAPTRONICS,  Inc .  

f o r  

Goddard Space F1 i g h t  Center 
Greenbel t ,  Maryland 20771 

’ 



FOREWORD 

Th i s  i s  t h e  f i r s t  q u a r t e r l y  t e c h n i c a l  r e p o r t  prepared 
by Adapt ron ics ,  I nc . ,  McLean, V i r g i n i a  under the  terms o f  

a t i o n a l  Aeronaut ics  and Space A d m i n i s t r a t i o n  Cont rac t  No. 
NAS5- 101 49. 

L. 0. G i l s t r a p ,  J r .  has been t h e  p r i n c i p a l  au tho r  o f  
t h i s  repo r t .  To h i m  i s  due the  m a t e r i a l  i n  Sec t ion  2 and 
Appendix I I ,  d e a l i n g  w i t h  p u l s e  d e n s i t y  code theory  and i t s  
a p p l i c a t i o n  t o  mathemat ical  model ing o f  the  s e l f - o r g a n i z i n g  
c o n t r o l l e r .  R. M. McKechnie, I I I performed the  analog computer 
s i m u l a t i o n s  and hardware t e s t s  descr ibed  i n  Sec t ion  3 and i s  
t he  au tho r  o f  t h a t  s e c t i o n ;  i n  h i s  work he was a s s i s t e d  by 
D. C leve land and G. Mowles. S. Schalkowsky prepared the  
Bayesian f o r m u l a t i o n  o f  s t a t i s t i c a l  source behav io r  t h a t  i s  
presented i n  Sec t ion  4 ;  he authored most o f  t h a t  s e c t i o n ,  
except  f o r  the Monte C a r l o  s i m u l a t i o n s ,  which were performed 
by C. W .  Armstrong, and the  f u r t h e r  hardware exper iments,  
which were conducted by McKechnie. H .  J. Cook authored 
Appendix 1 .  M r .  R. F. Snyder has p a r t i c i p a t e d  i n  some o f  
t he  numer ica l  a n a l y s i s  tasks.  R, L. Barron,  p r o j e c t  manager 
f o r  Adapt ron ics ,  Inc. i s  respons ib le  f o r  the  general  con ten t  
o f  t h i s  r e p o r t  and the  work i t  descr ibes.  

The au thors  a r e  indebted t o  M r .  James A. G a t l i n  o f  
Goddard Space F1 i g h t  Center ,  Greenbel t ,  Maryland, who has 
served as p r o j e c t  mon i t o r  f o r  NASA and has made innumerable 
v a l u a b l e  suggest ions i n  the course o f  t h i s  research. H i s  
many impor tan t  c o n t r i b u t i o n s  and those o f  M r .  Clarence Cantor,  
a l s o  w i t h  G S F C ,  a r e  g r a t e f u l l y  acknowledged. 

Th is  i n v e s t i g a t i o n  has i n d i r e c t l y  b e n e f i t t e d  from a 
r e l a t e d  research program i n  s e l f - o r g a n i z i n g  c o n t r o l  systems 
theory  engaged i n  by Adapt ron ics ,  Inc.  f o r  t he  U n i t e d  States 
A i r  Force under Cont rac t  No. AF 33(615) -3673  sponsored by 
t h e  B i o n i c s  Branch, Av ion i cs  Laboratory  (RTD) ,  A i r  Force 
Systems Command, Wr igh t - Pat te rson  A i r  Force Base, Ohio. 



A B S T R A C T  

This f i r s t  q u a r t e r l y  report  presents  the development o f  

a mathematical model of P robab i l i ty  S t a t e  Variable ( P S V )  con- 
d i t ion ing  logic  o f  a type used i n  s e l f - o rgan iz ing  control  sys-  
tenis.  Results o f  analog computer simulation5 o f  the model a r e  
provided and these r e s u l t s  a r e  compared w i t h  those obtained 
u s i n g  the hardware P S V  c o n t r o l l e r .  Behavior of the mathemat- 
ical  model is  shown to  be i n  c lose  agreement with the behavior 
o f  the PSV c o n t r o l l e r .  
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1 .  INTRODUCTION AND SUMMARY 

1 . 1  Scope 

Th i s  i s  the  f i r s t  q u a r t e r l y  p rogress  r e p o r t  under 
Goddard Space F1 i g h t  Center c o n t r a c t  NAS.5-10149 cove r i ng  t he  

s tudy o f  se l  f - organ i z i n g  c o n t r o l  systems fo r  spacecra f t  ap-  

p l i c a t i o n s .  As d e f i n e d  i n  A r t i c l e  1 o f  t he  c o n t r a c t ,  sub- 

miss ion o f  the  f i r s t  q u a r t e r l y  r e p o r t  i s  assoc ia ted  w i t h  the 

complet ion o f  Phase I o f  t he  program d e a l i n g  w i t h  the  deve l -  

opment o f  "a mathematical model o f  a P r o b a b i l i t y  S ta te  

Va r i ab le  (PSV) i n  terms o f  i n p u t / o u t p u t  c h a r a c t e r i s t i c s ;  

t h a t  i s ,  as  an i s o l a t e d  element" . Th i s  r e p o r t  descr ibes the  
mathematical model evo lved  d u r i n g  the  p a s t  t h ree  months t o  

d e f i n e  the  p r i n c i p a l  f u n c t i o n a l  c h a r a c t e r i s t i c s  o f  P S V  con- 

d i t i o n i n g  l o g i c .  Resu l t s  o f  s imu la t i ons  o f  t h i s  model a r e  

presented and i t  i s  shown t h a t  the  behav io r  o f  the  model i s  

i n  c l o s e  agreement w i t h  t he  behav io r  o f  P S V  hardware. 

1.2 Backs round 

Reference 1 desc r ibes  the  r e s u l t s  o f  an i n v e s t i g a t i o n  

o f  a s e l f - o r g a n i z i n g  c o n t r o l l e r  ( S O C )  developed f o r  p i l o t e d  

a i r c r a f t .  Extens ive s i m u l a t i o n s  were conducted i n  t he  p r o -  

gram u s i n g  l a b o r a t o r y  exper imenta l  SOC equipment. Work i s  

now i n  progress a t  Adapt ron ics  t o  f a b r i c a t e  t h i s  SOC f o r  

f l  i g h t  t e s t i n g  n e x t  year i n  a h igh-performance a i r c r a f t .  

Th i s  work i s  sponsored by the  A i r  Force F l i g h t  Dynamics and 

Av ion i cs  Labo ra to r i es ,  Research and Technology D i v i s i o n ,  

A i r  Force Systems Command, Wr igh t- Pa t te rson  A i r  Force Base, 

Ohio, under c o n t r a c t  AF 33(615) -5141 .  
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Tlic pi-ciscnt s tudy  o f  S O C  systc~nis (or- spaccci-al  I app1 i - 
c a t i o n s  p a r t l y  p a r a l l e l s  research  work a t  Adaptronic-5 spon- 

sored by the  A i r  Force A v i o n i c s  Labora to ry  undei- Cont rac t  AF 

33(615)-3673.  The A i r  Force Research program i s  a t h r e e -  

year e f f o r t  p lanned t o  i n v o l v e  p r i m a r i l y  advanced SOC syn- 

t h e s i s  s t u d i e s ,  s i m u l a t i o n s  and analyses o f  s i n g l e - a x i s  and 

m u l t i p l e - a x i s  S O C  systems ( w i t h  emphasis on a e r o n a u t i c a l  ap- 

p l  i c a t  i o n s ) ,  development o f  t h e  theo ry  o f  parameter space 

search ,  and development o f  performance assessment techniques 

(Re f .  2 ) .  G e n e r a l l y  speaking,  t h i s  A i r  Force sponsored r e -  

search r e l a t e s  t o  s e l f - o r g a n i z i n g  systems f o r  o p e r a t i o n a l  

employment i n  about  f i v e  t o  t e n  years,  whereas work on t h e  

s u b j e c t  c o n t r a c t  can be r e l a t e d  t o  systems f o r  o p e r a t i o n a l  

use a t  an e a r l i e r  t ime.  

The i n v e s t i g a t i o n  desc r ibed  i n  the  p resen t  r e p o r t  has 

as i t s  p o i n t  o f  d e p a r t u r e  an e x i s t i n g  des ign  o f  s e l f - o r g a n i z -  

ing c o n t r o l l e r  which,  i n  p a s t  e v a l u a t i o n s ,  has demonstrated 

a number o f  d e s i r a b l e  c h a r a c t e r i s t i c s .  Fur thermore,  the  

p r o j e c t i o n  o f  demonstrated performance and des ign  f e a t u r e s  

t o  c o n t r o l  a p p l i c a t i o n s  o f  g r e a t e r  c o m p l e x i t y  than those 

t r i e d  t o  da te  i n d i c a t e s  a p o t e n t i a l  n o t  a v a i l a b l e  i n  c u r -  

r e n t  c o n t r o l  system des igns .  

S e l f - o r g a n i z i n g  c o n t r o l  i s  fundamenta l l y  d i f f e r e n t  

f rom s e l f - a d a p t  i v e  c o n t r o l ,  a l t h o u g h  t h e  two approaches have 

some elements o f  t h e o r y  and p r a c t i c e  i n  common. A d e t a i l e d  

c o n t r a s t i v e  a n a l y s i s  o f  s e l f - a d a p t i v e  and s e l f - o r g a n i z i n g  

c o n t r o l  i s  beyond t h e  scope o f  t h e  i n v e s t i g a t i o n  b u t  R e f -  

erence 3 desc r ibes  some o f  t h e  common o r i g i n s  o f  these two 

forms. The Adap t ron i cs  s e l f - o r g a n i z i n g  c o n t r o l l e r  was de- 

s igned  w i t h  the  r e c o g n i t i o n  t h a t  t h e  s i n e  qua non o f  good 

c o n t r o l  i s  t h e  p rope r  s i g n a l  t o  an a c t u a t o r ,  and n o t  i n -  

f o r m a t i o n  as t o  t h e  parameters o f  t he  p l a n t  o r  o f  t he  
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c o n t r o l l e r .  Wi th high-speed d i g i t a l  techniques a v a i l a b l e ,  

there  i s  l i t t l e  d i f f i c u l t y  i n  pe r fo rm ing  the  necessary con- 

t r o l  p rocess ing  t o  generate a c t u a t o r  e x c i t a t i o n  s i g n a l s  u s i n g  

the SOC approach. The d i g i t a l  mechanizat ion he lps  ach ieve 

s a t i s f a c t o r y  c o n t r o l  i n  t h e  presence o f  h i g h  sensor n o i s e ,  

w h i l e  use o f  t he  P S V  ( d i r e c t e d )  random search process tends 

t o  increase e f f i c i e n c y  o f  the  S O C  i n  comparison w i t h  conven- 

t i o n a l  m u l t i p l e - v a r i a b l e  c o n t r o l l e r s .  Furthermore, the  ran-  

dom processed used i n  the  Adaptronics SOC serve t o  b reak  up 

the p e r i o d i c i t y  o f  l i m i t  c y c l e s ,  and the  ampl i tude o f  any 

p l a n t  l i m i t - c y c l e  a c t i v i t y  w i t h  the  S O C  tends t o  decay t o  
w i t h i n  approx imate ly  the  expected sensor n o i s e  l e v e l s .  

1 .3  Ob jec t i ves  o f  the  Model i n q  

The o b j e c t i v e  o f  the  e f f o r t  l ead ing  t o  t h i s  f i r s t  

q u a r t e r l y  r e p o r t  has been t o  p r o v i d e  mathematical  models o f  

the PSV u n i t  and the  f u n c t i o n a l  components which make up t h i s  

u n i t .  Ana lys i s  o f  the  performance assessment u n i t  which,  w i t h  

the PSV u n i t ,  makes up a complete s e l f - o r g a n i z i n g  c o n t r o l l e r ,  

has been d e f i n e d  by  m o n i t o r i n g  personnel t o  be o u t s i d e  t h e  

scope o f  the Phase I ( f i r s t - q u a r t e r )  s tudy .  S p e c i f i c  system 

c o n f i g u r a t i o n s  and app l  i c a t  ion aspects have thus f a r  en te red  

i n t o  the  i n v e s t i g a t i o n  o n l y  by way o f  b a s i c  s i m u l a t i o n s  p e r -  

formed t o  eva lua te  v a l  i d i t y  o f  t he  P S V  model. 

I n  more s p e c i f i c  terms, the  f u n c t i o n s  which have been 

modeled i n  t h i s  s tudy a r e  a l l  those o f  the  PSV u n i t  e lements:  

the  b i a s i n g  l o g i c ,  t he  p r e g i s t e r ,  the s t a t i s t ' i c a l  source, 

the  feedback de lay ,  and the  u r e g i s t e r .  These elements a r e  

descr ibed i n  Appendix I ;  w h i l e  the  d e s c r i p t i o n  i n  the  f i r s t  

appendix does c o n s t i t u t e  a "model" o f  an SOC i n  t h a t  a l l  func-  

t i o n s  and r u l e s  o f  o p e r a t i o n  a r e  d e f i n e d  (hence, can be 
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s i m u l a t e d  on a d i g i t a l  computer ) ,  t h e  des ign eng ineer  needs 

a s imp le  model t h a t  w i l l  a l l o w  h im t o  e s t i m a t e  t o t a l  system 

performance i n  s i m u l a t i o n s  and ana lyses o f  a v a r i e t y  o f  s i t -  

u a t i o n s .  Thus, o u r  i n v e s t i g a t i o n s  have been o r i e n t e d  toward 

o b t a i n i n g  con t inuous  approx imat ions  o f  t he  PSV e lements ,  and 

o f  the  P S V  u n i t  as a whole i n  terms o f  conven t i ona l  m u l t i p l i -  

e r s ,  f i l t e r s ,  r e l a y s ,  de lays ,  s a t u r a t i n g  a m p l i f i e r s ,  e t c .  

Whenever an a t t emp t  i s  made t o  model ma thema t i ca l l y  a 

p h y s i c a l  p rocess,  a t r a d e - o f f  e x i s t s  between t h e  range o f  

v a l i d i t y  o f  t he  model and i t s  comp lex i t y .  For t h e  purpose o f  

t h i s  i n v e s t i g a t i o n ,  we have accepted one impor tan t  1 i m i t a t i o n  

on t h e  Val i d i t y  o f  t h e  model ,  i . e . ,  we have concerned o u r -  

se l ves  c h i e f l y  w i t h  a single-PSV system. I t  i s  expected t h a t  

t h e  per formance o f  mu l t i p le- PSV systems ( u s i n g  u n i f i e d  p e r -  

formance assessment means f o r  t he  d i s t r i b u t i o n  o f  a c t u a t i o n  

s i g n a l s )  w i l l  p rove  t o  be s u p e r i o r  t o  t he  performance which 

would  be p r e d i c t e d  by the p resen t  model f o r  m u l t i v a r i a b l e  

cases. Less n o t i c e a b l e ,  b u t  a l s o  o f  g r e a t  p o t e n t i a l  impor-  

tance ,  m i g h t  be t h e  d i f f e r e n c e s  between t he  behav io r  o f  t h e  

model and o f  t h e  P S V  hardware i n  a p p l i c a t i o n  t o  h i g h - o r d e r  

and /o r  n o n l i n e a r  p l a n t s ,  u s i n g  e i t h e r  one o r  more P S V  u n i t s .  

Here i t  i s  expected t h a t  t he  randomized " s l i d i n g  mode" (see 

d i s c u s s i o n )  and s t e a d y - s t a t e  b e h a v i o r  o f  the  PSV hardware w i l  1 
p rove  t o  be s u p e r i o r  t o  t h a t  i n d i c a t e d  by t he  model. 

1.4 Approaches Taken 

The p r i m a r y  approach taken i n  t h i s  i n v e s t i g a t i o n  has 

been t h e  development o f  a t h e o r y  o f  p u l s e  d e n s i t y  codes and 

a p p l i c a t i o n  o f  t h i s  t h e o r y  t o  model ing  o f  e lements i n  t h e  P S V  

u n i t .  The t h e o r e t i c a l  development has been suppor ted b y  ana-  

l o g  computer s i m u l a t i o n s  o f  t he  p u l s e  d e n s i t y  model and com- 

p a r i s o n  of t h e  r e s u l t s  s o  o b t a i n e d  w i t h  those o f  PSV  hardware 



u n i t s .  I n  a d d i t i o n ,  severa l  e m p i r i c a l  l y - d e r i v e d  models have 

been s imu la ted  as a means o f  g a i n i n g  f u r t h e r  unders tand ing  o f  

the PSV u n i t  c h a r a c t e r i s t i c s .  These e m p i r i c a l  models have 

cons is ted  o f  ( 1 )  r e l a y  c o n t r o l l e r s ,  ( 2 )  a p r o p o r t i o n a l  con- 

t r o l l e r  w i t h  1 i m i t i n g ,  and ( 3 )  a " v a r i a b l e  s t r u c t u r e ' '  c o n t r o l -  

l e r  which i s  desc r ibed  i n  the  recent  S o v i e t '  1 i t e r a t u r e .  

For most o f  t h e  s i m u l a t i o n s ,  i t  has been d e s i r a b l e  t o  

cons ider  c losed- loop  cases, and f o r  t h i s  purpose a represen-  

t a t i v e  second-order p l a n t  was chosen. Other  experiments have 

been conducted w i t h  P S V  hardware i n  an open- loop c o n f i g u r a t i o n  

t o  o b t a i n  hardware i n p u t - o u t p u t  c h a r a c t e r i s t i c s  as an a d d i t i o n -  
a l  means o f  v e r i f y i n g  the pu lse  d e n s i t y  model. 

1 .5 Resu l ts  Achieved 

The pu lse  d e n s i t y  model o f  the  PSV u n i t  has proven t o  

be very  t r a c t a b l e ,  c o n s i s t i n g  i n  the s i m p l e s t  case o f  o n l y  

th ree  elements,  a m u l t i p l i e r ,  a l a g  f i l t e r ,  and a s ign  de tec-  

t o r ,  w i t h  the  l a t t e r  two elements connected i n  a s imple feed-  

back loop around the  m u l t i p l i e r  as shown below i n  F igu re  1 . 1 .  

Th is  s imple model has been found t o  r e p l i c a t e  c l o s e l y  the  be-  

h a v i o r  o f  P S V  hardware. l t  i s  concluded t h a t  t he  t h e o r e t i c a l l y -  

d e r i v e d  model i s  v a l  i d  s u b j e c t  o n l y  t o  the  l i m i t a t i o n s  i n d i c a t e d  

above ( S e c t i o n  1 . 3 ) .  

The pu lse  d e n s i t y  model o f  the  PSV u n i t  should g r e a t l y  

f a c i l i t a t e  a p p l i c a t i o n  o f  design and a n a l y s i s  .of s e l f - o r g a n i z -  

ing  c o n t r o l  systems f o r  spacec ra f t .  Dur ing  Phase I 1  o f  t h i s  

work, models w i l l  be developed f o r  s i n g l e  and m u l t i p l e  c o n t r o l  

loops which use the  PSV u n i t  as a key element.  
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Mu1 t i p 1  i e r  

S ign De tec to r  

v = v a l u e - f u n c t i o n  s i g n a l  ( f r o m  performance assessment u n i t )  

,LI = 011 t pu t 0 K soc 

f i g u r e  1 . 1 :  Simplest-Case Pulse Dens i t y  Model o f  PSV U n i t  

1.6 Orqan iza t i on  o f  t h i s  Report  

Sec t ion  2 o f  t h i s  r e p o r t  p resen ts  the t h e o r e t i c a l  de- 

velopment o f  t he  p u l s e  d e n s i t y  model and a d i scuss ion  o f  the 

inathematical  p r o p e r t i e s  o f  t h i s  model. I n  Sect ion  3 ,  the  

p u l s e  d e n s i t y  model i s  compared w i t h  severa l  e m p i r i c a l l y -  
d e r i v e d  models and a p h y s i c a l  i n t e r p r e t a t i o n  of these models 

i s  g i v e n  i n  t e r m s  o f  b o t h  regenerative/degenerative loop op-  

e r a t i o n  and the  q u a s i - l i n e a r  o p e r a t i o n  which i s  achieved by 

the  d i t h e r i n g  a c t i o n .  Sec t ion  3 emphasizes the  s i m u l a t i o n  

and bench t e s t s  conducted t o  eva lua te  the  pu lse  d e n s i t y  and 

e m p i r i c a l  models and compares t h e i r  performance w i t h  t h a t  o f  

PSV ha rdwa re .  

Because the  models thus  f a r  developed do n o t  e x p l i c i t l y  

i n v o l v e  the s t a t i s t i c a l  source (inasmuch as the  e f f e c t s  o f  
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t h i s  source a r e  n e g l i g i b l e  w i t h i n  t he  framework o f  t he  de- 

f i n e d  problem),  Sec t ion  4 d iscusses t h e  impor tan t  r o l e  o f  

t he  s t a t i s t i c a l  source i n  bo th  s i n g l e  and m u l t i p l e  P S V  sys-  

tems and presents  t he  r e s u l t s  o f  d i g i t a l  computer and hard-  

ware exper iments performed t o  o b t a i n  an accura te  c h a r a c t e r i -  

z a t i o n  o f  t he  s t a t i s t i c a l  source p r o p e r t i e s .  O f  p a r t i c u l a r  

i n t e r e s t  i n  Sec t i on  4 i s  t he  t h e o r e t i c a l  a p p l i c a t i o n  o f  Bayes' 
Theorem t o  a n a l y s i s  and des ign of t he  s t a t i s t i c a l  source.  

Recommendations and conc lus ions a r e  presented i n  
Sect ions 5 and 6. 

Appendix I i s  a d e s c r i p t i o n  of  t he  P S V  and performance 

assessment f u n c t i o n s .  Appendix I I  d e t a i l s  the  pu l se  d e n s i t y  

code t heo ry  u n d e r l y i n g  the  development of t he  P S V  model. 
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2 .  THEORET I CAL DEVELOPMENT 

I t  f o l l o w s  r e a d i l y  f rom Appendix I 1  t h a t  t h e  ( h i g h  f r e -  

quency) p u l s e  t r a i n  o u t p u t  o f  a d i g i t a l l y  mechanized s e l f -  

o r g a n i z i n g  c o n t r o l l e r  i s  i n t e g r a t e d  o u t  t o  an  o r d i n a r y  ana log  

5 i g n a l  by  any a c t u a t o r  w i t h  a l a g  c h a r a c t e r i s t i c .  Thus, we 

can ana lyze  S O C  b e h a v i o r  i n  terms of t h e  parameters  o f  i t s  

p u l s e  t r a i n s  a t  v a r i o u s  l o c a t i o n s  o r  s t a t i o n s  throughout  the  

dev i ce .  From t h i s ,  w e  can conc lude t h a t  S O C  a n a l y s i s  c o u l d  

f o l l o w  conven t i ona l  1 ines e s t a b l  ished f o r  n o n l i n e a r  c o n t r o l  

\ y < t c i n s  w i t h  n o i s e ,  These methods i n c l u d e  power d e n s i t y  spec- 

truni or a u t o c o r r e l a t i o n  f u n c t i o n  a s  w e l l  a s  such nove l  methods 

.js ? , l a t i s t  i c a l  1 i n e a r i z a t i o n  (Re t .  4). F u r t h e r ,  a1 tl!ough i t 

5ho i i l d  be p o s s i b l e  to syn thes i ze  s e l f - o r g a n i z i n g  c o n t r o l l e r s  

by  iiior-e Tamil i a r  ana log  c i r c u i t s ,  d e s i r a b i l i t y  of do ing  so  

i s  (Ic.tiatable i n  v iew o f  the  simp1 i c i t y  and re1 i a b i l  i t y  o f  pr-es- 

en t  day i n t e g r a t e d  l o g i c  dev ices .  

The u t i l i t y  o f  p u l s e  d e n s i t y  s i g n a l  t heo ry  i n  the  an-  

c 3 1 y s i s  o f  s e l f - o r g a n i z i n g  c o n t r o l  i s  t h a t  it enables us  t o  

r e l a t e  the f u n c t i o n s  o f  l o g i c  ga tes  and o the r  d i g i t a l  dev ices  

t o  tlie f u n c t i o n s  o f  more conven t i ona l  ana log  components. How- 

cvc’r, p u l s e  d e n s i t y  s i g n a l  t h e o r y ,  at- t h i s  stage o f  development, 

i s  s t i l l  based upon mean o r  expec ted  va lues  o f  p u l s e  t r a i n  pa-  

rainc’ters, and the r o l e  o f  n o i s e  and n o i s e  gene ra to rs  i n  con-  

t r o l  systems can p r e s e n t l y  o n l y  be i m p e r f e c t l y  assessed and 

modc 1 ed . 

Even though i t  i s  p o s s i b l e  t o  develop a formal model 

o f  the P S V ,  complete mathemat ica l  a n a l y s i s  o f  t h e  dev ice  i s  

q u i t e  d i f F i c u l t  f o r  two reasons: 
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1 .  t he  PSV i s  a l e a r n i n g  machine i n  t h a t  i t  acqu i res  

i n fo rma t i on  about  t he  environment and uses t h i s  

a c q u i r e d  i n fo rma t i on  i n  i t s  p r imary  f u n c t i o n  o f  

c o n t r o l  ; 

2. the  PSV is h i g h l y  n o n l i n e a r ,  and, i n  a d d i t i o n ,  

uses n o i s e  i n  a d i r e c t  manner as  p a r t  o f  i t s  e x -  

c i t a t i o n  o f  the  a c t u a t o r .  

The l e a r n i n g  element i n  a P S V  in t roduces  a new dimen- 
s i o n  i n t o  c o n t r o l  - - t h a t  o f  spontaneous, b u t  c a r e f u l l y  con- 

t r o l l e d ,  exper imenta t ion  w i t h  the environment.  The n o i s e  o u t -  

p u t  o f  t he  s t a t i s t i c a l  source, which produces the  experimen- 
t a t i o n ,  c o n t i n u a l l y  d r i v e s  the  c o n t r o l l e r  and produces a dy-  

namic s t a b i l i t y  o f  a p p a r e n t l y  nove l  c h a r a c t e r .  Al though the  

e f f e c t s  o f  the s t a t i s t i c a l  source can be s i inu la ted w i t h o u t  

n o i s e  i n  s i n g l e - a x i s ,  single-PSV c o n f i g u r a t i o n s ,  we have n o t  y e t  

been 3 b l e  t o  a r -r i v e  a t  a s i n i u l a t i on  o f  i t s  e f f e c t s  i n  the mu l-  

t ip le-PSV case. 

The s t r o n g  n o n l i n e a r i t y  i n  t he  P S V  models c o n s t i t u t e s  
a fo rmidab le  o b s t a c l e  t o  t he  development O F  s a t i s f a c t o r y  ana-  

l y t i c a l  t rea tment .  However, as  i s  n o t e d  i n  Sec t ion  3 o f  t h i s  

r e p o r t ,  s imu la ted  analog e q u i v a l e n t s  o f  the PSV elements p r o -  

v i d e  c o n t r o l  a c t i o n  t h a t  i s  q u i t e  s i m i l a r  t o  t h a t  o f  t he  P S V  

hardware under a v a r i e t y  o f  c o n d i t i o n s .  On the  p o s i t i v e  s i de ,  

we  conclude from t h i s  t h a t  t he  use o f  p u l s e  t r a i n  parameters 

i s  v a l i d  f o r  the  c o n t r o l l e r s  under  c o n s i d e r a t i o n  and t h a t ,  a t  

l e a s t ,  t he  f i r s t  s tep  toward a s a t i s f a c t o r y  a n a l y t i c a l  t r e a t -  

ment o f  s e l f - o r g a n i z i n g  c o n t r o l  has been completed. 

2.1 PSV Elements and Model Assumpti= 

The major  elements o f  the  PSV can be considered t o  be: 
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1 .  

2. 

3.  

4 .  

5 .  

6 .  

Since the  

the  l o g i c  gates 

the sampl ing gates f o r  the  p r e g i s t e r  

the  p r e g i s t e r  

the  s t a t i s t i c a l  source 

the i3iu feedback de lay  

the u r e g i s t e r  

u r e g i s t e r  serves p r i m a r i l y  a s  a s h o r t  t r a n s p o r t  l a g  
o r  a 5  a s imple d e l a y ,  i t  w i l l  be l a r g e l y  ignored i n  the m s t e r i -  

a1  t h a t  f o l l ows  and the PSV can be t t e a t e d  as c o n s i s t i n g  o f  

the r i r s t  f i v e  itenis i n  the above l i s t .  T h i s  p o i n t  o f  view 

can be j u s t i f i e d  t h e o r e t i c a l l y  and i t  has been v e r i f i e d  exper -  

imen t a  1 1 y . 

The o b j e c t i v e  i n  t h i s  s e c t i o n  w i l l  be t o  summarize the 

t ransfor r i ia t ions on the  r e l a t i v e  d u t y  c y c l e  o f  the  i npu t  s i g -  

n a l ,  v ,  through the P S V  u n i t  t o  the  t,u o u t p u t .  Since t h i s  

t reatment  i s  l i m i t e d  t o  t he  r e l a t i v e  d u t y  c y c l e  parameters o f  

the  p u l s e  t r a i n s ,  we w i l l  use a n o t a t i o n  which i s  s i m p l i f i e d  
f o r  t h i s  purpose. F igu re  2.1 shows the  v a r i o u s  l o c a t i o n s  o f  

s t a t i o n s  w i t h i n  the P S V .  These s t a t i o n  numbers w i l l  be used 

t o  s u b s c r i p t  t he  p u l s e  parameters of i n t e r e s t  t o ' u s .  

The l o g i c  g a t i n g  i n  the P S V ,  as describe,d i n  Appendix 

I ,  i s  

Th is  g a t i n g  i s  t he  complement o f  t h e  e x c l u s i v e  "OR" . As i s  

shown i n  Appendix I I ,  t h i s  g a t i n g  l o g i c  p rov ides  t he  p roduc t  
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o f  the  Z-parameters o f  i t s  i n p u t  v a r i a b l e s :  

22 = Z l Z G  .............................. 2 : l  

The sampl ing l o g i c  f o r  t he  counter  i s  the  same as t h a t  

fC  
f o r  case 2b o f  Appendix 1 1 .  However, t he  c l o c k  f requency, 

i s  ex t remely  h i g h  w i t h  respect  t o  t he  t ime cons tan t  o f  t he  
a c t u a t o r  i n  most p h y s i c a l l y  r ea l  i z a b l e  systems, so t h a t  the  

normal ized  counter  o u t p u t ,  Z q ,  becomes a m u l t i l e v e l  p u l s e -  

w i d t h  modulated s i g n a l  i d e n t i c a l  t o  Z Z ,  except  t h a t  i t  i s  de- 

layed by about t-hree c l o c k  pu lses .  D e f i n i n g  

T = 3 T c  ............................ 2 : 2  
P 

a s  the de lay  in t roduced by the  p r e g i s t e r ,  w e  o b t a i n  

Z . j ( t )  = Z a ( t  TP) .......................... 2:3 

I n  o t h e r  words, t he  p r e g i s t e r  a c t s  p r i m a r i l y  as a t r a n s p o r t  

l ag  i n  the P S V .  

The s h i f t  r e g i s t e r  which ho lds  the  ilu feedback froii i  t he  

s t a t i s t i c a l  source fo r  a p e r i o d  o f  t ime,  T d ,  

p o r t  l ag  and can be represented by 

i s  a l s o  a t r a n s -  

ze;(t> z,(t  - Td) ......................... 2:4 

where T d  i s  the  de lay  in t roduced by the s h i f t  r e g i s t e r .  

The s t a t i s t i c a l  source has severa l  f u n c t i o n s  i n  t he  P S V .  

I t s  p r i m a r y  f u n c t i o n  i s  t o  produce the  exper imenta t ion  r e -  

q u i r e d  in  the l e a r n i n g  process. The r e l a t i v e  du ty  c y c l e  o f  

the  s t a t i s t i c a l  source ou tpu t  i s  a f u n c t i o n  o f  t he  i npu t  con- 

t r o l  vo l t age .  The ou tpu t  shou ld  p r o p e r l y  be represented by 

the  sum o f  du ty  c y c l e  and a n o i s e  s i g n a l .  

13 



Z!, = f ( Z 4 )  + n .......................... 2 : s  

For ease of a n a l y s i s ,  we can assume l i n e a r i t y  o f  the s t a t i s -  
t i c a l  source t r a n s f e r  function:" and s e t  

f ( Z 4 )  = z4  ........................... 2:6 

which leads u s  t o  

Z!, = Zq + n ..........................,....*z: 7 

Combining Equations 2 : 1 ,  2 : 3 ,  2:4, and 2 : 7 ,  i n  accord-  
ance w i t h  Figure 2 . 1 ,  we ge t  

Z ! , ( t )  = Z , ( t  . T ) Z ! , ( t  . T . T d )  + n .......... 2:8 
P P 

Equation 2 : 8  i s  a f a i r l y  accura te  equation for  Lhe P S V .  I t  

is not a mathematically simple model, s ince  i t  involves t i - ans -  

por t  lags and n o i s e ,  b u t  var ious approximations can b e  used 
fo r  s imulat ion.  

The f i r s t  s t e p  i n  s implifying Equation 2 :8  is t o  a s -  
sume t h a t  T = 0. On physical grounds, t h i s  assumpt ion can 
be j u s t i f i e d  e a s i l y ,  s ince  a l l  c o n t r o l l e r s  m u s t ,  of n e c e s s i t y ,  
introduce a small delay.  Experimentally,  i t  has been noted 

P 

t h a t  there  is  no observable d i f f e rence  whether a small de lay ,  
corresponding t o  the 3 T c  va lue ,  
is fed d i r e c t l y  t o  the output .  I f  anyth ing ,  performance o f  

the c o n t r o l l e r  can b e  "improved"' b y  taking out the p - r e g i s t e r  
delay.  Hence, a f i r s t  s impl i f i ca t ion  is 

is u s e d  fo r  T o r  whether Za 
P 

+;See Section 4 o f  t h i s  report .  
' W i t h i n  the context  o f  t h e  mathematical model only ( s e e  l a t e r  

d i s c u  s s i on . 
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However, Equat ion 2 : 9  i s  s t i l  1 n o t  a n a l y t i c a l l y  t r a c t a b l e .  

There i s  n o  p o s s i b i l i t y  o f  s e t t i n g  T d  t o  zero ,  s ince  
T d  i s  t he  t ime r e q u i r e d  f o r  s i g n a l s  t o  propagate through the 

environment and come back as va lue s i g n a l s .  The m u l t i p l i e r ,  

which p rov ides  the  p roduc t  ZT- Z C ,  p rov ides  the  c o r r e l a t i o n  o f  

t r i a l  s t a t e s  w i t h  r e s u l t s .  Wi thout  the  de lay ,  t he re  would be 

no c o r r e l a t i o n  o f  cause and e f f e c t ,  and c o n t r o l  a c t i o n  would 

n o t  be p o s s i b l e .  I n  connect ion w i t h  t h i s  c o r r e l a t i o n ,  we can 

no te  t h a t  t he  p r e g i s t e r  a c t s  a s  a d e c i s i o n  device which sums 
up the  evidence o f  the degree O F  c o r r e l a t i m  and tends t o  r e -  

duce the  inc idence O F  f a l s e  a larm.  Thus, a l t hough  the p - r e g -  

i s t e r  l ag  can be dispensed w i t h  f o r  s i m u l a t i o n  purposes, i t  

serves the u s e f u l  r o l e  o f  reduc ing  the e f f e c t s  o f  environmen- 

t a l  and sensor n o i s e  i n  the t o t a l  s y s t e m .  

F igu re  2 . 2  shows the diagram o f  a c i r c u i t  which p e r -  

forms the functbns i n  Equat ion 2:9. Al though va r ious  approx-  

imat ions  t o  the t r a n s p o r t  l a g ,  such as the Pade o r  Stubbs-Single,  

c o u l d  be used i n  a s i m u l a t i o n ,  t he re  i s  a s t i l l  s i m p l e r  c i r c u i t  

which can be used i f  we take i n t o  account the  i n t e r a c t i o n s  o f  

t h e  n o i s e ,  t he  t r a n s p o r t  l a g  i n  the  feedback c i r c u i t ,  and the 

p - r e g i s t e r  behav ior .  We p r e v i o u s l y  p o i n t e d  o u t  t h a t  the p -  

r e g i s t e r  l e v e l  tends t o  move up and down r a p i d l y  w i t h  respect  

t o  the t ime cons tan t  o f  the p l a n t ,  and t h a t  i t s  o u t p u t ,  and 

consequent ly ,  the  o u t p u t  of the s t a t i s t i c a l  source which i s  

c o n t r o l l e d  by the p r e g i s t e r ,  tends t o  f o l l o w  the Z 2  s i g n a l  

w i t h  b u t  a s l i g h t  de lay .  What t h i s  means i s  t h a t  the  p r e g i s -  

t e r  tends t o  d r i v e  r a p i d l y  t o  one l i m i t  o r  the  o t h e r ,  depend- 

i n g  on the  a l g e b r a i c  s i g n  o f  Z a .  Even though t h e r e  i s  a 

s l i g h t  dependence o f  t h e  p - r e g i s t e r  r a t e  on the magnitude o f  

Z Z ,  the s i g n  i n f o r m a t i o n  i s ,  by f a r ,  the  more impor tan t .  Hence, 
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we c o u l d  i n s e r t  a r e l a y  o r  ha rd  l i m i t e r  i n t o  the loop a t  s t a -  

t i o n  2 t o  s imu la te  t h i s  c h a r a c t e r i s t i c .  However, p u t t i n g  the 

r e l a y  a t  s t a t i o n  2 would tend t o  exaggerate t h e  e f f e c t s  of the  

p r e g i s t e r .  A b e t t e r  p l a c e  t o  i n t roduce  the  r e l a y  i s  a t  s t a -  

t i o n  6 i n  t h e  feedback loop as shown i n  F igu re  2.3 ,  s ince  i t  

s t i l l  p e r m i t s  ZS t o  v a r y  over  a cont inuous range. There i s  a 

f u r t h e r  b e n e f i t  which can be ob ta ined  from p l a c i n g  the r e l a y  

i n  the  feedback c i r c u i t :  the  t r a n s p o r t  l a g  appl  i e s  t o  the 

s i g n  o f  Zs and n o t  i t s  magnitude, so t h a t  the  combinat ion o f  

a f i r s t  o r d e r  l a g  and a r e l a y  c o n s t i t u t e  a f a i r l y  good t r a n s -  

p o r t  l a g .  

One o t h e r  f e a t u r e  of the  model i n  F igure  2 .2  should be 

noted.  In  the  absence o f  n o i s e ,  a ZL-, va lue  o f  z e r o  w i l l  remain 

a t  z e r o  i f  the va lue  propagates through the m u l t i p l i e r .  The 

n o i s e  s i g n a l  serves t o  prevent  t h i s  " s e t t l i n g  out"  t o  a zero  

va lue.  Again the  ha rd  l i m i t e r  i n  the  feedback loop serves a 

s i m i l a r  f u n c t i o n  i n  the  P S V  s ince  i t  can take o n l y  the t w o  v a l -  

ues - 1  and +l. 

As i s  descr ibed i n  Sect ion  4 ,  t he  model i n  F igure  2.3 

has been programmed on an ana log  computer. V a r i a t i o n s  of t h i s  
re  spec t i ve 1 y , model, which used l a g  c i r c u i t s ,  

f o r  the  p - r e g i s t e r  and u - r e g i s t e r  de lays ,  were a l s o  programmed. 

T o  check f u r t h e r  on the  e f f e c t s  o f  n o i s e ,  i t  has been added t o  

the i n p u t  o f  t he  l a g  c i r c u i t  corresponding t o  the  p r e g i s t e r .  

I n  a l l  cases, e x c e l l e n t  agreement has been ob ta ined  between 

the  model behav io r  and P S V  hardware behav io r ,  p r o v i d e d  t h a t  

the model t ime cons tan ts  were w i t h i n  one o r  two o r d e r s  o f  mag- 

n i t u d e  o f  those r e q u i r e d  by p u l s e  d e n s i t y  theory .  

1 1 
l+T and l+TUs  ' 

P 

2.2 S o l u t i o n  o f  t he  Model Equat ion 

9 As a f i n a l  p o i n t  on the  pu lse  d e n s i t y  model o f  the  P S V ,  

i t  i s  p o s s i b l e  t o  approximate Equat ion 2 : 9  t o  o b t a i n  a n a l y t i c a l  

s o l u t i o n s .  "! 
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We w i l l  cons ider  the  two ( i m p o r t a n t )  spec ia l  cases o f  

Z 1  = +1 and Z1 = - 1 .  Since the  express ions  

Z b ( t )  = Z , ( t )Z , ( t  - Td) . . . . . . . . . . . . . . . . . . . . 2 :  10 

and 

mean the  same, we can work w i t h  t he  second f o r  s i m p l i c i t y .  

He t i  ce , 
ZF, + TdZ:, -- Z ~ Z S  .......................... 13 

o r  

- 1  ZF; '- - Z S ( Z 1  - 1 )  
Td  

I f  Zl = + 1 ,  then ZS 0 o r  

Zb - - z51t,o (z, = + 1 >  . . . . . . . . . . . . . . . . .2:14 

which i n d i c a t e s  t h a t  ZS r e t a i n s  t he  va lue  i t  had i n i t i a l l y  on 

a sw i t ch  f rom a n e g a t i v e  Z1 t o  a va lue  o f  +l. P u t t i n g  i t  an- 

o t h e r  way, t he  system (except  f o r  no i se  f r o m  the  s t a t i s t i c a l  

source) tends t o  con t i nue  what i t  was p r e v i o u s l y  doing.  

- 2 

Td 
I f  Z,. = - 1 ,  then ZS - - - Z5 o r  

(z, = - 1 )  ................ 2:15 
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w h i c h  ind ica tes  t h a t  ZS decays t o  zero  when Z1 switches t o  a 
- 1 ,  r egard less  of t h e  i n i t i a l  value of Z S .  O f  course ,  the 
p r e s e n c e  of t h e  s t a t i s t i c a l  source prevents  ZS from remaining 
continuously a t  ze ro ,  and i t  w i l l ,  i n  genera l ,  execute a rapid 
random walk w i t h  an average value of ze ro  a s  seen b y  the p lan t .  

I n  view of the assumptions required t o  obtain t h e  above 
~ 

s o l u t i o n s ,  the q u a n t i t a t i v e  s ign i f i cance  of t h e  s o l u t i o n s  is 
debatable ,  even though q u a l i t a t i v e l y ,  t h e y  appear reasonably 
c l o s e ,  I n  p a r t i c u l a r ,  w e  know from experiments t h a t  when 
Z1  = + 1 ,  the system t e n d s  t o  d r ive  t o  a l i m i t  f a i r l y  r ap id ly ,  
r a the r  than remaining cons tant .  The physical i n t e r p r e t a t i o n  
o f  (he model i s  discussed f u r t h e r  i n  the sect ion w h i c h  follo\vs. 
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3 .  SIMULATIONS AND SOC HARDWARE T E S T S  

3 . 1  Open Loop Tests and S imu la t i ons  

To insu re  comp:etely t h a t  behav io r  o f  the  P S V  model 

adequate ly  represents  t h a t  o f  the  hardware, i t  i s  necessary 

t o  per fo rm open- loop and c losed- loop  t e s t s  and s i m u l a t i o n s .  

When s u f f i c i e n t  p r o o f  i s  p resented t h a t  t h e  model behaves 
p r o p e r l y  i n  each o f  these c o n f i g u r a t i o n s ,  i t  becomes reason- 

a b l e  t o  assume t h a t  one has an adequate model. 

F o r  comparat ive purposes, s i m i l a r  t e s t s  and s imu la-  

t i o n s  have been per formed on b o t h  t h e  model and the hardware. 

Resu l t s  o f  these t e s t s  and s i m u l a t i o n s  a r e  presented i n  t h i s  

s e c t i o n  a s  evidence t h a t  t he  model behav ior  i s  r e p r e s e n t a t i v e  

o f  P S V  ope ra t i on .  

3.1.1 S O C  Hardware 

F igu re  3.1 i s  a m a t r i x  o f  t h e  P S V  s t a t i s t i c a l  d e c i s i o n  

device ( S O D )  i n t e r n a l  s igna l  - t o - n o i s e  r a t i o s ,  R ,  based on the 

p - r e g i s t e r  ana log  o u t p u t  v o l t a g e ,  o r  p r o b a b i l i t y  c o n t r o l  v o l -  

tage (PCV), and the  no ise- genera to r  vo l tage .  Th is  r a t i o  i s  

u s e f u l  i n  q u a n t i t a t i v e  de te rm ina t ion  o f  " r i c h "  vs. " lean"  

PSV no i se .  The r a t i o  R i s  a pseudo s i g n a l - t o - n o i s e  f i g u r e ,  

because the P C V  does n o t  e a s i l y  l end  i t s e l f  t o  measurement 

o r  c a l c u l a t i o n  i n  the t r u e  RMS v o l t a g e  sense. There fore ,  

maximum va lues  o f  t h e  P C V  have been measured on a D C  VTVM 

and t rans formed t o  a pseudo RMS va lue  by  means o f  the  formula 

* .  
where VDc I S  a zero- to- peak measurement. The n o i s e  v o l t a g e  
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F igu re  3 . 1 :  S D D  S igna l  t o  Noise R a t i o ,  9 
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was I I I C ~ S ~ J  t-cd o n  an RMS V T V M ,  and three  RMS noi scl 1 eve 1 s ,  2 . 5  , 
4 .5 ,  and 6 . 0  v o l t s ,  were used. Also three  values of  PCV were 
used: 3 . 5 ,  5 .3 ,  and 7.07 v o l t s  RMS. T h e  t e s t  layout is  shown 
i n  Figure 3 .2 .  U s i n g  the previously described methods of  

measurement f o r  PSV s e t t i n g s ,  t es ts  were run on t h e  SOC hard- 
ware and Table 3.1 is a desc r ip t ion  of the t es t  program. 

( a )  Elementary SOC Confiquration 

T h e  Elementary SOC conf igura t ion  i s  shown b y  Figure 
3 .3  t o  c o n s i s t  of a s impl i f i ed  PA module t h a t  provides a 
sgn e output  and a s i m p l i f i e d  PSV module without s g n  Au feed- 
back. T h i s  SOC configurat ion was shown i n  Reference 3 t o  be 
mathematically equiva lent  t o  the General Purpose SOC configu-  
rat ion f o r  the case i n  w h i c h  p l an t  p o l a r i t y  i s  known a p r i o r i .  
Extensive t e s t s  have b e e n  performed t o  determine phase s h i f t  
o f  the Elementary S O C  a s  a function of i n p u t  frequency, a s  
described b y  Table 3 . 2 ;  however, fo r  b r e v i t y ,  only a se lec ted  
group of r e s u l t s  is  presented i n  Figures 3 .4  through 3 .7 .  . 
Tests  have been performed w i t h  s inusoidal  i n p u t s  of la rge  am- 
p l i t u d e  ( 2 0  v o l t s  peak-to-peak) and small amplitude ( 4  v o l t s  
peak-to-peak).  Phase- shi f t  v s .  frequency diagrams a r e  p re-  
sented f o r  var ious condi t ioning i n  Figures 3.8 through 3.15. 

P 

( b )  General Purpose P_SV Confiquration 

T h e  General Purpose PSV conf igura t ion  c o n s i s t s  of 
e i t h e r  of two PSV module designs:  

( i )  PSV module w i t h  normal s g n  Au feedback 

( i  i )  PSV module w i t h  modified sgn  nu feedback 

The d i f fe rence  between the two d e s i g n s  (above) is the point  
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( a )  Large S igna l ,  5 cps 
R = 1.18 

( b )  Small S igna l ,  5 cps 
R = ~ 1 8  

F igure  3.4 : Frequency Response, Elementary SOC,  T = 0 .033  
Second 
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( b )  Small S igna l ,  5 cps 
R = 1.18 

F igure  3.5 : Frequency Response, Elementary SOC, T = 1.0 
Second 



Figure 3 .6 :  Frequency Response E 
Second, Small Signa 

emen t a  r y  SOC, 
, R = 0,88 

T = 1.0 
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(b )  820 cps 

F igure  3 .7 :  Frequency Response, Elementary SOC,  T = 1.0 
Second, Small S igna l ,  R = 0,88 
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o f  e l e c t r i c a l  connect ion used i n  the  hardware t o  sense Au, 

as shown i n  F igures  3.16 and 3.17.  The PSV w i t h  normal 

sgn Au feedback, F igure  3.16, and the  PSV w i t h  m o d i f i e d  

sgn Au feedback, F igure  3 . 1 7 ,  a r e  b o t h  General Purpose PSV 

modules. T e s t s ,  as  i n d i c a t e d  i n  p a r t s  2(a) and 2(b)  o f  

Table 3 . 1 ,  have been performed w i t h  b o t h  designs t o  determine 

the  degree o f  correspondence between i n p u t  and ou tpu t  wave- 

forms f o r  R va lues o f  0.88, 1.18, and 1.57.  

For  t he  PSV w i t h  normal sgn Au feedback, due t o  n o i s e -  

c e n t e r  o f f s e t ,  the P C V  was s e t  t o  the  range ( - 1 0  v o l t s ,  +5 
v o l t s )  f o r  a 15 v o l t s  peak- to-peak P C V  and t o  the range ( - 1 2 . 4  

v o l t s ,  + 7.4 v o l t s )  f o r  a 20 v o l t s  peak- to-peak P C V .  Us ing 

a 3 v o l t  peak- to-peak, 20 cps, square wave inpu t  f o r  sgn v ,  

a s e r i e s  o f  o s c i l l o s c o p e  photographs, F igures 3.18 and 3.19, 
was taken showing the u ( t >  response f o r  the  v a r i o u s  R va lues .  

For t h i s  same P S V  c o n f i g u r a t i o n ,  sgn Au response i s  recorded 

on an E A 1  Model 1120 X - Y  Recorder f o r  sgn v i npu t  f requenc ies  

o f  0.1 cps and 1.0 cps and the  R va lues  g iven above. These 

r e s u l t s  a r e  presented i n  F igures  3.20 through 3.25.  H igher  

i n p u t  f requenc ies  were n o t  used because o f  the  l i m i t e d  f r e -  

quency response o f  the X - Y  recorder .  As descr ibed i n  Table 

3 .1 ,  t e s t s  were performed t o  observe the  degenerat ive and 

regenera t i ve  modes o f  P S V  ope ra t i on .  The deqenerat ive mode 

i s  observed as a sgn Au s i g n a l  which r a p i d l y  swi tches l o g i c  

l e v e l s  when sgn v i s  a l o g i c a l  zero ,  w h i l e  the  reqenera t ive ‘  

mode i s  observed as a sgn Au s i g n a l  which is n e a r l y  cons tant  

a t  l o g i c a l  one o r  l o g i c a l  zero  when sgn v i s  a t  l o g i c a l  one. ’ 

F igure  3.26(a) shown an example o f  t he  degenerat ive mode and 

F igu re  3.26(b) shown an example o f  t he  regenera t i ve  mode. 

These photographs were ob ta ined  w i t h  a 4.5 v o l t  RMS n o i s e  

v o l t a g e  ( R  = 1.18). 

The P S V  w i t h  m o d i f i e d  sgn Au feedback was t e s t e d  f o r  
(i 

d i f f e r e n t  amounts o f  sgn Au memory s h i f r ,  v i z . ,  l h t ,  2 A t ,  

40 
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sgn v 

( a )  R = 1.18, P C V  = 15 V o l t s  

( b )  R = 0.88, PCV = 15 V o l t s  

F igure  3.18: Open Loop Response,General Purpose PSV ( w i t h  
normal sgn Au f e e d b a c k )  
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c 

( b )  R = 1 e 1 8 9  PCV = 20 V o l t s  

F i g u r e  3.19: Open Loop Response,General Purpose PSV ( w i t h  
normal sgn nu feedback) 
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- - 1  msec;. 

(a) Degenerative Mode 

-1 msec. 
( b )  Regenerative Mode 
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3At, & A t ,  and S A t ,  a s  w e l l  a s  f o r  t h e  previously s t a t e d  R 
values.  T h e  d i f f e r e n t  memory s h i f t s  were used t o  show the 
poin t  a t  w h i c h  the  PSV w i t h  modified sgn  Au feedback c o r r e s -  
ponds t o  the PSV w i t h  normal sgn  Au feedback. From t h e  f i g -  
u r e s ,  1 A t  and 2At a r e  seen t o  e x h i b i t  c lose  correspondence, 
a r e s u l t  w h i c h  one would expect from the theory (Ref. 3 ) .  
Table 3.3 i s  a summary of t e s t s  conducted w i t h  the modified 
s g n  Au feedback and indica tes  w h i c h  r e s u l t s  were se lec ted  
f o r  p resen ta t ion ,  (F igures  3.27 through 3 .31) .  

3 . 1 . 2  Pulse Density Model o f  PSV 

Figure 3 .32  shows the pulse dens i ty  model o f  the PSV 
u n i t  a s  simulated on the E A 1  TR-48 analog computer. T h i s  s i m -  
u la t ion  was time scaled t o  b e  10-to-1 slower than real t i m e ;  
however, a l l  r e s u l t s  shown here have been transformed back and 
a r e  the re fo re  label led w i t h  real -time coordina tes .  The open- 
loop experiments performed w i t h  the mathematical model a r e  t h e  
same a s  those performed on the S O C  hardware, a s  described i n  
3 .1 .1 .  

( a )  PSV Model O n l y  

An EA1  X - Y  recorder was u s e d  t o  record t h e  sgn Au ou t -  
p u t  of the model f o r  s g n  v i n p u t  f requencies  of 0.1 c p s  and 1.0 
c p s .  T h i s  t es t  i s  ident ica l  t o  the  one made on t h e  general 
purpose PSV (normal s g n  Au feedback) ,  and the r e s u l t s  a r e  
presented i n  Figures 3.33 and 3.34. As can b e  observed, the 
model response c lose ly  follows hardware r e s u l t s  f o r  R = 2 . 8 2 ,  
i . e . ,  t h e  case w i t h  " lean" noise (Figure  3.20) .  

( b )  PSV Model w i  t h  Hardware PA 

W i t h  the pulse d e n s i t y  model of t h e  PSV connected t o  

a hardware Type  2 PA module ( s e e  Appendix I ) ,  recordings were 

: 5 2  
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40 msec 
( a )  1 A t  de lay  

I sgn v 

sgn v 

40 msec 
( b )  2 A t  de lay  

F igu re  3.27 : Open Loop Response, General Purpose PSV ( w i t h  
m o d i f i e d  sgn A u  feedback, 15 V P C V ,  6.0 V RMS 

o i s e ,  R = 0,88) 



sgn v 

40 msec, 

( a )  3 A t  de lay  

.. . .- . . . .. . . _ _  -_ .. .. I . . - .. _-_ . . . . 

- -.-- 
40 msec. 

( b )  4 A t  de lay  

pen Loop Response, General Purpose PSV ( w i t h  
m o d i f i e d  sgn Au feedback, 15 V P C V ,  6 .0  V RMS 

o i s e ,  R = 0,881 



sgn v 

. -  . -  
40 msec 

5 A t  de lay  

F f g u r e  3 .29 :  Open Loop Response, Gene ra1 Purpose P S V  ( w i t h  
m o d i f i e d  sgn Au feedback, 15 V PCV, 6.0 V RMS 
Noise,  R = 0.88) 
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sgn v 

-40 msec, 

( a >  I A t  de lay  

40 msec 
( b )  2 A t  de lay  

V 

Figure 3*30:  Open L,oOp esponse General Purpose PSV ( w i t h  
o d i f i e d  sgn Au feedback, 15 \I P C V ,  4.5 V RMS 
o i s e ,  R ;= 1,18 1 
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sgn v 

--- 40 msec. 

( a )  1 A t  de lay  

sgn v 

0 msec 

( b )  2 A t  de lay  

F igu re  3 . 3 1  : Open I-oop Response, Genera1 Purpose PSV ( w i t h  
m o d i f i e d  sgn A feedback, 20 V PCV,  6.0 V RMS 
Noise ,  
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made t o  cleterriiine the waveforms o f  the  u ( t >  s i g n a l  generated 

by the P S V  model. Wi th PA p r e d i c t i o n  i n t e r v a l s  o f  0.33 second 
and 1.0 Sc>cond, record ings  were made f o r  PA e ( t )  i npu t  s i g n a l  

f requencie5 0 1 -  0.1 cps and 1.0 cps, and t l ie  r e s u l t s  o f  these 

exper i i i i c t1~5  a r e  shown i n  F igures  3 .35  'through 3.38. Since 
t h i s  c o n l i g u r s t i o n  o f  Type 2 PA and p u l s e  d e n s i t y  PSV model 

i s  i i i a themat ica l l y  e q u i v a l e n t  t o  the Elementary SOC c o n f i g u r a -  

t i o n ,  the r e s u l t s  may be compared w i t h  the r e s u l t s  o r  the  

hardware Elementary SOC t e s t s  found i n  Sect ion  3 .1 .1 .  Such 

comparison i n d i c a t e s  v a l i d i t y  o f  t h e  p u l s e  d e n s i t y  model. 

3 . 1 . 3  Discussion of Open-Loop Performance w i t h  Constant v 
I npu t  

When the  P S V  hardware i s  d r i v e n  i n  an open- loop con- 

f i g u r a t i o n  by a cons tan t  l o g i c a l  zero  v i n p u t ,  i t  behaves as 

a f r e e - r u n n i n g  m u l t i v i b r a t o r ,  w i t h  a frequency o f  o s c i l l a t i o n  

equal t o  o n e- h a l f  the frequency o f  the  p - r e g i s t e r  c l o c k ,  p r o -  

v ided  the  delay i s  s e t  equal t o  one c l o c k  p e r i o d .  I nc reas ing  

the t ime delay produces an o s c i  1 l a t  ion o f  co r respond ing ly  

longer  p e r i o d .  V e r y  s i m i l a r  behav ior  i s  n o l e d  i n  t h e  ana log  

computer s i m u l a t i o n s  o f  the  P S V  model; the r e l a y  i n  the feed-  

back a l s o  o s c i l l a t e s  when the model i s  d r i v e n  w i t h  a n e g a t i v e  

v i n p u t ;  the  frequency, aga in ,  be ing  a f u n c t i o n  o f  t h e  de lay  

i n  tk feedback pa th .  

These f requenc ies  o f  p s c i l l a t i o n  a r e  w e l l  above the  

c u t o f f  f requency f o r  t he  a c t d a t o r  and a r e  i n t e g r a t e d  o u t  t o  

a ze ro  s i g n a l ;  i . e . ,  a n e g a t i v e  Zl ( o r  l o g i c ? l - z e r o  v )  p r o -  
duces, e f f e c t i v e l y ,  a Z5 = 0. Viewed over  a span o f  t ime,  

the ZS o u t p u t  w i l l  thus e x h i b i t  a decay t o  z e r o  (degenera t i ve  

mode) from i t s  i n i t i a l  va lue  s t a r t i n g  a t  the  i n s t a n t  Z l  
swi tches t o  a n e g a t i v e  va lue .  Th is  r e s u l t  a l s o  i s  p r e d i c t e d  

by  the  s o l u t i o n  f o r  Z5 under the  assumption o f .  Z 1  = - 1 ,  as 

, developed i n  Sect ion  2 .  
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Wlicln Z ,  sw i l ches  t o  a val i rc 01-  + 1 ,  thc p i - e c J i \ t c x r  l c ~ i i c l \  

t o  reniain a t  e i t h e r  i t s  p o s i t i v e  o r  nega t i ve  1 i m i t ,  depeiiding 

on which s i g n  i t  has a t  the t ime Zl swi tches f r o m  - 1  t o  + I .  
Hence, the  p r e v i o u s l y  ob ta ined  equa t ion  f o r  t h i s  case, ZS = 0 

( r e g e n e r a t i v e  mode), appears t o  be c o r r e c t  i n  t h i s  respect .  

Sometimes t he  hardware P S V  e x h i b i t s  changes from one extreme 

t o  the  o t h e r  when Z 1  = + l ,  due t o  the  n o i s e  i n  t he  s t a t i s t i -  

ca l  source. 

where n i s  s imp ly  a random n o i s e  s i g n a l .  By reduc ing the  RMS 
l e v e l  o f  t he  n o i s e  i n  the  s t a t i s t i c a l  source t o  a va lue  about  

one- fou r th  t he  va lue  f o r  normal ope ra t i on ,  the  hardware PSV 

i s  found t o  behave e s s e n t i a l l y  as  the  n o i s e - f r e e  mathemat ical  

so 1 u t i on s i n  d i ca t e  , 

Mathemat ica l l y ,  t h i s  i s  t he  case o f  i s  = n ,  

I t  t h e r e f o r e  appears t h a t  t he  theory ,  s imu la ted  P S V  

model, and t he  a c t u a l  P S V  hardware a r e  s u b s t a n t i a l l y  i n  agree-  

ment. The excep t ion  (no ted  above) i s  i n  the  open- loop response 

f o r  a ve ry  " r i c h "  n o i s e  s e t t i n g  o f  the s t a t i s t i c a l  source 

where, w i t h  v = 1 , the  model does n o t  show the  e f f e c t s  o f  t he  

tendency o f  t he  hardware p r e g i s t e r  t o  v a r y  from one o f  i t s  

extremes t o  the o t h e r .  In  d e r i v i n g  the  model, we ignore the  

i n f l uence  o f  the  n o i s e  and have, fu r thermore ,  e f f e c t i v e l y  

1 i m i t e d  t he  p r e g i s t e r  t o  t w o  va lues ,  +1 and - 1 ,  so  t h a t  the  

s o l u t i o n  t o  the equa t ion  2, = 0 can have o n l y  one o f  these 

two va lues,  which va lue  must be t h e  one e x i s t i n g  a t  t = 0. 

Al though t h i s  i s  appa ren t l y  a j u s t i f i a b l e  s o l u t i o n ,  one migh t  

d e s i r e  a somewhat more e legan t  s o l u t i o n  which inc ludes t he  

n o i s e  e f f e c t s  and t h e  i n t e g r a t i o n  a c t i o n  o f  the p r e g i s t e r .  

But i n  v iew o f  t he  ve ry  h i g h  speed o f  o p e r a t i o n  o f  t he  p 

r e g i s t e r ,  i t  behaves as a r e l a y  a s  f a r  as  t he  a c t u a t o r  i s  

concerned, so t h a t  a more complex model would n o t  add g r e a t l y  

t o  t he  s o l u t i o n s  i n s o f a r  as  requirements o f  the  Phase I 
program a r e  concerned. 



3 . 2  Closed-Loop Simulations 

3.2 .1  Description of Simulated Plant 

The p lant  used i n  the analog computer simulation fo r  
closed- loop experiments i s  composed of a momentum w h e e l  w i t h  
the t r a n s f e r  function 

G s  
1 +T,s 

and a vehicle  w i t h  the  t r a n s f e r  function 1 /s2 .  Combination 
of these two t r a n s f e r  funct ions y i e l d s  

where G is the momentum-wheel gain f a c t o r  ( inc luding  the re-  
ciprocal  of  vehicle  i n e r t i a  i f  o the r  than u n i t y )  and Tm is 
the momentum-wheel time cons tant .  
were used i n  t h i s  s imulat ion.  

G = 1.64 and Tm = 20 seconds 

3 . 2 . 2  Simulations of  Pulse D e n s i t y  Model of PSV 

The closed- loop simulation o f  t h e  p u l s e  d e n s i t y  PSV 
model i s  shown i n  Figure 3.39. The scaled analog computer d i a -  
gram is presented i n  Figure 3.40 and Table 3.4 g i v e s  the po- 
tent iometer  values f o r  t h e  computer program. 

( a )  Without Noise 

A phase-plane p o r t r a i t  f o r  P A  predic t ion  i n t e r v a l s ,  
T ,  of  0.4,  0.68,  1 .0 ,  1 .5 ,  and 2.0 seconds is g i v e n  b y  F i g -  
ure 3.41 f o r  a 4-degree command s i g n a l .  T h i s  phase-plane 
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Table 3.4: Po ten t iometer  S e t t i n g s  f o r  Pulse 
Dens i ty  Model o f  PSV 

Po ten t i ome t e  r 
Number S e t t  i n q  Funct ion 

00 

05 
06 

1 1  
12  

25 
26 
40 

43 

50 

5 1  

53 

1 .oooo 

1 1 .oooo 
1 .oooo 

I 1 .oooo 
1 .oooo 

1 0.6030 
1 .oooo 
0.1000 

0.1010 

0.0819 

0.0050 

0.1000 

0 magnitude 
c o n t r o l  

1 
T 
- 

P 

1 
T 

U 

1 
Td 
- 

f o r  p feedback 
compa r i son;k 

f o r  v compa r i s onit 

10 G/Tm (0.3280) 

l / T m  (0.0200) 

p l a n t  t ime-scale 
f a c t o r  

* O f f s e t  here needed t o  balance comparator t o  zero.  
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p o r t r a i t  i l l u s t r a t e s  the t r a n s i e n t  response and s t a b i l i t y  o f  
the model. The response o f  e r r o r  as a f u n c t i o n  o f  t ime f o r  

T = 1.5 seconds i s  g iven by F igu re  3.42 t o  show the  smooth- 

ness o f  the model response. 

( b )  With Noise 

Noise w i t h  an equ i va l en t  bandwidth o f  50 k c  was i n -  

j e c t e d  a t  va r i ous  p o i n t s  i n  the analog s imu la t i on .  Th is  

no ise  had no e f f e c t  on t ime response o r  phase-plane response 

when i n j e c t e d  a t  i npu t  o r  ou tpu t  o f  the p r e g i s t e r ,  a m p l i f i e r  

10 on F igu re  3.40. Since the  r e s u l t s  o f  the  s imu la t i on  w i t h  

no ise  were i d e n t i c a l  t o  p r e v i o u s l y  presented r e s u l t s ,  they  

are  n o t  shown here i n  the i n t e r e s t  o f  b r e v i t y .  

3.2.3 S imu la t ions  o f  Emp i r i ca l  Models 

Three d i f f e r e n t  types o f  e m p i r i c a l  models have been 

s imu 1 a t e  d : 

( i )  Relay c o n t r o l  l e r s  

( i i )  P r o p o r t i o n a l  c o n t r o l l e r  w i t h  l i m i t i n g  

( i  i i )  Var i ab le  s t r u c t u r e  c o n t r o l l e r  

The s i m u l a t i o n  o f  these c o n t r o l l e r s  were a l l  run i n  r e a l  t ime. 

F igu re  3.43 i s  the  analog computer diagram f o r  the  r e l a y  con- 

t r o l l e r s  and the p r o p o r t i o n a l  c o n t r o l l e r s  w i t h  1 i m i t i n g .  

Table 3.5 g i ves  t he  po ten t iomete r  va lues and Table 3.6 de- 

sc r i bes  the sw i t ch  s e t t i n g s .  

7 3  

f 





0 
u 

0 .-. 

0 TlLF+ U I -  

Y 

L 

U 
C 

. r p  



f a b l e  3 .5 :  Potent iomcLer S e t t i n g s  Tor S i l 1 l U ~ i I ~ i i l l  

o f  Emp i r i ca l  Models 

Po ten  t i ome t e  r 
Numbe r S e t t i n q  

0 magnitude c o n t r o l  00 1 .oooo C 

02 0.0500 1 / T  m (0.0200) 

01 0.8200 10G/Tm (0.3280) 

05 

09 

0.3726 

0.1995 

p r o p o r t i o n a l  c o n t r o l l e r  
ga in  c o n t r o l  
s o f t - 1  i m i t e r  upper 
1 i m i t  

- 1 t ime de lay  (T,) 1 5Tn c o n t r o l  
15 0.2000 

16 0.2000 

17 0.2000 t ime-delay component 

20 0.1568 p r o p o r t i o n a l  c o n t r o l  l e r  
s lope c o n t r o l  

24 0.1955 s o f t - 1  i m i t e r  lower 

0.0316 C22 bang-bang con- 25 

26 0.0299 ‘12 o n - o f f  c o n t r o l  1er9C 

1 i m i t  

t r a l  l e r  w i t h  deadzoneik 

1 .oooo 
c11 A a n o n  

38 

deadzone w i d t h  

+.Offset here needed t o  ba lance comparator. 



Table 3.6: Description of Switch Positions for Empirical 
Model Simulation 

Proportional 

O n  - O f f  Control 1 e r Open 

On -Off Con t roll e r Open 

No Time Delay 
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(a) '  Relay C o n t r o l l e r s  

Two r e l a y  c o n t r o l l e r s  were s imula ted,  a pure  bang- 
bang c o n t r o l l e r  and a bang-bang c o n t r o l l e r  w i t h  deadzone. The 
pure bang-bang c o n t r o l l e r  i s  shown i n  F igu re  3.44. I t  uses 

a comparator t o  d e t e c t  ze ro  c ross ings  o f  e 

p o r t r a i t s  f o r  p r e d i c t i o n  i n t e r v a l s ,  T ,  o f  0.32, 0.4, 0.68, 

1.0, 2.2,  3.2,  and 10.0 seconds f o r  t he  pure  bang-bang con- 

The phase-plane 
P '  

t r o l l e r  a r e  shown i n  F igu re  3.45. 

A deadzone o f  1.4 degrees was used i n  

c o n t r o l l e r  w i t h  deadzone. The b l o c k  diagram 

i s  presented i n  F igu re  3.46, and i t s  phase-p 

the bang-bang 

o f  t h i s  c o n t r o l l e r  

ane performance 

i s  shown i n  F igu re  3.47 f o r  the  same T va lues as used above 

w i t h  the  pure  bang-bang system. As can be observed, the dead- 
zone produces a t e rm ina l  e r r o r  o f f s e t  ( a c t u a l l y  the  beg inn ing  

o f  the  l i m i t  c y c l e ) ,  b u t  the  c o n t r o l l e r  w i t h  deadzone e x h i b i t s  

a much smoother response than does the pure bang-bang con- 
t r o l  l e r .  

( b )  P ropo r t i ona l  C o n t r o l l e r s  w i t h  L i m i t i n q  

F igu re  3.48 i s  the b l o c k  diagram o f  the  p r o p o r t i o n a l  

c o n t r o l l e r  w i t h  1 i m i t i n g .  The phase-plane p o r t r a i t s  f o r  t h i s  

system a re  shown i n  F igu re  3.49 for: the.same T va lues used 

w i t h  the r e l a y  c o n t r o l l e r s .  The p r o p o r t i o n a l  c o n t r o l l e r  w i t h  

1 i m i t i n g  appears t o  have a smoother response than was p r o -  

duced by e i t h e r  o f  the  r e l a y  c o n t r o l l e r s  s imula ted.  

( c )  Va r i ab le  S t r u c t u r e  C o n t r o l l e r  

The b l o c k  diagram o f  a Va r i ab le  S t r u c t u r e  C o n t r o l l e r  

( V S C )  is shown i n  F igu re  3.50, w i t h  the  assoc ia ted  analog 
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computer diagram g iven i n  F igu re  3.51, An ex tens ive  d i scus-  
s i on  o f  the  t heo ry  and o p e r a t i o n  o f  the  Va r i ab le  S t r u c t u r e  

C o n t r o l l e r  i s  a v a i l a b l e  i n  References 5 and 6. Th is  simu- 

l a t i o n  used the same p l a n t  dynamics as  were employed i n  t he  

o t h e r  c losed- loop  exper iments.  P l a n t  s i m u l a t i o n  potent iom-  

e t e r s  were s e t  a s  f o l l o w s .  

I 

Po tent iometer  No. S e t t  i n q  

05 0.8200 

06 0.0500 
07 1 .oooo 

The phase-plane response o f  the  VSC f o r  T = 3 . 2  seconds, F i g -  

u r e  3.52,  e x h i b i t s  a s t a b l e  response much l i k e  t h a t  o f  the  

o t h e r  e m p i r i c a l  models; however, the  VSC response i s  much d i f -  

f e r e n t  when T = 1.0 second, as shown by F igure  3.53. The VSC 

e r r o r  response f o r  the  case o f  T = 1.0 second i s  recorded vs. 

t ime i n  F igu re  3.54. The l a t t e r  f i g u r e  e x h i b i t s  the o s c i l l a -  

t o r y  mot ion ve ry  c l e a r l y .  

3.2.4 S imu la t ions  w i t h  SOC hardware 

S imu la t ions  us i ng  SOC hardware were performed f o r  E l -  
\ ementary SOC and Type 1 PA/General Purpose I PSV c o n t r o l l e r  

as d iscussed below. . 1 

( a )  Elementary SOC Con f i qu ra t i on  

The b l o c k  diagram f o r  s i m u l a t i o n  w i t h  the  Elementary 

SOC i s  shown by F igu re  3.55. The phase-plane p o r t r a i t s  f o r  

t h i s  c o n f i g u r a t i o n  a r e  g i ven  by  F igu re  3.56 f o r  T va lues  o f  

0.32, 0.4 ,  0.68, 1.0 ,  1.5, 3 . 2 ,  and 10.0 seconds. Except 

f o r  X - Y  recorder  i n t e r n a l  n o i s e  problems accompanying the 
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run f o r  T = 3.2 seconds, the  response i s  smooth f o r  a l l  T 
values.* As can be seen from the  diagram, t h e  SOC reaches 

the  o r i g i n  o f  t he  phase-plane w i t h o u t  o s c i l l a t i o n s .  

( b )  Tvpe 2 PA/General Purpose PSV C o n t r o l l e r  

For t h i s  exper iment ,  t he  genera l  purpose PSV was used 

i n  c o n j u n c t i o n  w i t h  Type 2 PA hardware, as shown i n  t he  b l o c k  

diagram, F igu re  3.57. The phase-plane response curves f o r  

T = 0.4 second i s  g i ven  i n  F igu re  3.58, and F igure  3.59 i s  

t he  phase-plane diagram ob ta ined  u s i n g  T = 3.2 seconds. I n  

each case, t he  SOC e x h i b i t s  smooth, s t a b l e ,  n o n - o s c i l l a t o r y  

r e  spon se 

3.3 Comparisons o f  Resu l t s  

The r e s u l t s  f o r  t he  PSV model and the  PSV hardware 

o p e r a t i n g  open loop a r e  g iven  i n  Sect ion  3.1. The model open- 

loop r e s u l t s  show c l o s e  s i m i l a r i t y  t o  those o f  the  hardware 

i f  the  no i se  gene ra to r  o u t p u t  i s  s e t  t o  about  2.5 v o l t s  RMS 
o r  l e s s  ( " lean"  s e t t i n g ) .  A t  low inpu t  f requenc ies ,  the  model 

and hardware sgn Au reco rd ings  e x h i b i t  e s s e n t i a l l y  i d e n t i c a l  

r e s u l t s .  The u ( t )  response o f  t he  PSV model when used w i t h  
Type 2 PA hardware i s  a l s o  s i m i l a r  t o  t he  hardware u ( t >  f o r  

the  same c o n f i g u r a t i o n  when b o t h  a r e  sub jec ted  t o  s i m i l a r  

, , e ( t )  i npu ts .  

The f i n a l  comparison between the PSV hardware and PSV 

model w i l l  now be made i n  t he  c l osed- loop  c o n f i g u r a t i o n  w i t h  

T = 1.5. F igu re  3.60 i s  t he  phase-plane diagram f o r  the 

*F igure 3.59 i s  a b e t t e r  i n d i c a t i o n  of t r u e  SOC response cha r -  
a c t e r i s t i c s  w i t h  T = 3.2 seconds. 
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pu l se  d e n s i t y  model and F igu res  3.61 and 3.62 a r e  comparat ive 
phase-plane p o r t r a i t s  f o r  the  Elementary SOC hardware and the 

Type 2 PA/Gene ra  1 Purpose PSV con t r o l l  e r ha rdwa re  con f i gu ra  - 
t i o n s ,  r e s p e c t i v e l y .  The t h r e e  r e s u l t s  a r e  a lmost  i d e n t i c a l ,  . 

g i v i n g  f u r t h e r  p r o o f  o f  model v a l i d i t y .  The f a m i l y  o f  e r r o r  

t ime-response h i s t o r i e s  a l s o  v e r i f i e s  the  model and hardware 

s i m i l a r i t y .  The t ime  response o f  t he  model e r r o r  f u n c t i o n  

f o r  T = 1.5 seconds was presented i n  Sect ion  3.2.2 ( F i g u r e  

3.42). The t ime response o f  t he  e r r o r  f u n c t i o n  f o r  the  E l e -  

mentary and Type 2 PA/General Purpose PSV c o n t r o l  l e r  i s  g i ven  

i n  F igures  3.63 and 3.64, r e s p e c t i v e l y .  Again, the  r e s u l ' t s  

a r e  n e a r l y  i d e n t i c a l .  
1 

O f  the  o t h e r  models, the  p r o p o r t i o n a l  c o n t r o l l e r  w i t h  

l i m i t i n g  comes c l o s e s t  t o  reproduc ing the  PSV hardware r e -  

sponses. F igu re  3.65 is t he  phase-plane diagram f o r  the  p r o -  

p o r t i o n a l  c o n t r o l l e r  w i t h  l i m i t i n g ,  f o r  T = 3.2 seconds. The 

V a r i a b l e  S t r u c t u r e  C o n t r o l l e r  e x h i b i t s  a damped o s c i l l a t d r y  

mot ion  when T = 1.5 seconds, as  shown by  F igu re  3.66. The 

bang-bang c o n t r o l l e r  phase-plane graph f o r  T = 3.2 seconds 

e x h i b i t s  o s c i l l a t i o n s  about the  s w i t c h i n g  l i n e  (F i gu re  3.67) ,  
and the deadzone i s  e a s i l y  de tec ted  in t he  phase p lane  f o r  
t h e  bang-bang c o n t r o l l e r  w i t h  deadzone (F igu re  3.68). 

I t  i s  concluded from these data t h a t  t he  pu l se  d e n s i t y  

model i s  a s a t i s f a c t o r y  r ep resen ta t i on  o f  the PSV hardwar 

and i s , a  b e t t e r  model than any o f  t h e  e m p i r i c a l  models w i t h  

t h e  p o s s i b l e  excep t ion  o f  t he  p r o p o r t i o n a l ' c o n t r o l l e r  w i t h  

1 i m i t i n g .  
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4. THE STAT I ST ICAL SOURCE 

Although the  s t a t i s t i c a l  na tu re  o f  P S V  o p e r a t i o n  was 

cons idered i n  d e r i v a t i o n  o f  the t h e o r e t i c a l  model p r e v i o u s l y  

descr ibed,  development and use o f  the  model fo r  comparat ive 

s i m u l a t i o n  s t u d i e s  d i d  n o t  s t r e s s  the random ou tpu t  charac-  

t e r i s t i c s  o f  the P S V  o r  t h e i r  e f f e c t s  on c o n t r o l  system 

performance. Since these e f f e c t s  a re  o f  c e n t r a l  importance 

i n  the a p p l i c a t i o n  o f  SOC techniques t o  more complex systems, 

e.g., d i s t r i b u t e d  a c t u a t i o n  i n  a m u l t i p l e  a c t u a t o r  magnet ic  

to rquer  system, s t a t i s t i c a l  c h a r a c t e r i s t i c s  o f  the  P S V  have 

a l s o  been analyzed d u r i n g  t h i s  Phase I study. 

The theory  of pu l se  dens i t y  s i g n a l s  enables us t o  1 

model t h e  t r a n s f e r  f u n c t i o n  o f  the  s t a t i s t i c a l  source i n  a 

d i r e c t  manner. However, we would l i k e  t o  be ab le  t o  vtew 

the behav io r  o f  the  p r e g i s t e r  and s t a t i s t i c a l  source as a 

decis ion-making process t o  check on th& e f f i c i e n c y  o f  the  

i n f o rma t i on  a c q u i s i t i o n  o r  " l ea rn i ng"  behavior .  

s t a t i s t i c a l  dec i s i ons  can be made on the bds i s  o f  severa l  , 
c r i t e r i a ,  such as maximum l i k e l i h o o d  o r  minimax, Bayes' 

Theorem has been used i n  the  f o l l o w i n g  m a t e r i a l .  A l though 
the re  a re  some t h e o r e t i c a l  l i m i t a t i o n s  on t he  use o f  Bayes' 

Theorem, the p resen t  work can serve as a bas i s  f o r  f u r t h e r  

e x p l o r a t i o n  o f  t h e  d e c i s i o n  process i n  the  P S V  and i t  p rov ides  

I 

Whi le  

us w i t h  q u a l i t a t i v e  and q u a n t i t a t i v e  r e s u l t s  which can be , 

used t o  eva lua te  t he  P S V  d e c i s i o n  process. 

I n  a d d i t i o n  t o  r e s u l t s  o f  analyses on the use o f  I 

Bayesian s t a t i s t i c s  f o r  t he  des ign o f  s t a t i s t i c a l  source 
c h a r a c t e r i s t i c s ,  t he  f o l l o w i n g  a l s o  summar s work done 

t o  i d e n t i f y  the  r o l e  o f  the  s t a t i s t i c a l  so e i n  the  P S V  
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for single-PSV and multiple PSV-applications, results of some 
digital simulations of the statistical source, and bench 
test data, using existing PSV hardware, stressing statistical 
performance aspects. 

4.1 Application of BaygsL Theorem to Analysis and Desiq; 
of Statistical Source 

The motivation for exploring the application O F  
statistical decision theory to the modeling of the PSV stems 
from some striking similarities between the Bayesian approach 
for relating 2 priori and 2 eosteriori -----e-- probabi 1 ities of a 
hypothesis and the changing probabilities of the PSV output 
polarity based upon observations of preceding events. We 
wi 1 1  first summarize pertinent aspects of Bayes' formula 
for the probabilities of hypotheses and then apply the 
formula to analysis of the PSV unit. 

4.1.1 Bayes' Formula 

Consider two events A and B having the following 
characteristics. Event A can assume only one of two forms 
which we denote as A+ and A _ ,  and only one of these can 
occur o n  any one trial. Thus, A+, A_ form a set of ex- 
haustive and mutually exclusive events and 

P(A+) + P M - 1  = 1 ....................... 4:l 

where p(A) denotes the probability of A occurring. 

B is another event which occurs only if A occurred, 
i.e., it i s  conditional on A. We have two forms for the 
probability of the occurrence of B, viz., p(BIA,) and 
p(B]A - ) denoting the probability of the occurrence of B 
given that A+ or A- has occurred. 
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I n  v iew o f  Equat ion 4:1, we can r e s t r i c t  the  a n a l y t i c a l  

development t o  e i t h e r  p(A+) o r  p(A - ). We w i l l  use p(A+) 

and r e f e r  t o  i t  as t he  2 p r i o r i  p r o b a b i l  i t y  o f  the event  

A+, i . e . ,  be fo re  hav ing observed the occurrence o f  event  B. 
Bayes' formula i s  in tended t o  p rov i de  an updated es t ima te  

o f  p(A+) based on the  obse rva t i on  o f  event  B. The l a t t e r  

i s  the  c o n d i t i o n a l  p r o b a b i l i t y  p(A+IB) and i s  r e f e r r e d  t o  

as the  2 p o s t e r i o r i  p r o b a b i l i t y  o f  A+. 
r e a d i l y  d e r i v e d  from fundamental probabi  1 i t y  r e l a t i o n s h i p s .  

The formula i s  

The j o i n t  p r o b a b i l i t y  o f  the  two events B and A+, 

p(BA+), can be w r i t t e n  i n  e i t h e r  O F  the  f o l l o w i n g  two forms: 

P(BA+) = P@+)  P(BIA+) ................... 4:2 

P(BA+) = P(B) P ( A + I B )  ................... 4:3 

Equat ing  the r i g h t  hand s ides o f  4:2 and 4:3 we o b t a i n  

................... 4:4 

Since B can occur  e i t h e r  j o i n t l y  w i t h  A+ o r  w i t h  A _ ,  
we a l s o  have 

P ( B )  = P(A+)  P (B IA+ )  + P(AJ  ~ ( B I A J  .......... 4 5  

Coxb in ing  Equat ions 4:4 and 4:5 y i e l d s  Bayes' formula 
f o r  the up-dated p r o b a b i l i t y  o f  A+: 

I n  sequen t ia l  e s t i m a t i o n ,  the q u a n t i t y  o f  i n t e r e s t  

i s  t h e  change t o  be made i n  the a p r i o r i  p r o b a b i l i t y  p(A+) - - 



based on the use of Equat ion 4:6 f o r  the a p o s t e r i o r i  
p(A+IB). We denote t h i s  d i f f e r e n c e  as Ap(A+). Thus, 

Ap(A+\B> = p(A+\B)  - p(A+) ................. 4:7 

Combining Equat ions 4:7 w i t h  4:6 and 4:1, we o b t a i n  

4:8 
1 - P(A+)  

A ~ ( A + ( B )  = ------ .............. 

where 

.............. 4:9 

Equat ion  4:8 gives the requ i r ed  change i n  the p r i o r  

va l ue  O F  p(A+) as a r e s u l t  o f  observ ing  the  event  B,  p rov ided  

r i s  known. The l a t t e r  i nvo l ves  the c o n d i t i o n a l  p r o b a b i l i t i e s  

o f  B on A. Ref. 7 descr ibes  Bayes’ theory  i n  f u r t h e r  d e t a i l .  

4.1.2 PSV Model 

To r e l a t e  t he  va r i ous  events  and t h e i r  p r o b a b i l  i t i e s  

as they appear i n  Equat ions 4:8 and 4:9 t o  the PSV u n i t  

ope ra t i on ,  re fe rence  i s  made t o  F i gu re  4 : l .  v i s  the  ou t -  

p u t  f rom the  Performance Assessment u n i t  and can assume 
e i t h e r  the  va lue  +1 o r  - 1 .  The ou tpu t  o f  i n t e r e s t  here i s  

the  s i g n  o f  the  u - r e g i s t e r  increment. We t h e r e f o r e  d e f i n e  

the ou tpu t  as Au and assoc ia te  w i t h  i t  one o f  two p o s s i b l e  

va lues,  v i z . ,  e i t h e r  +1 o r  - 1 .  We a l s o  separate t he  
f u n c t i o n a l  elements o f  t he  PSV as shown i n  F i gu re  4 .1  t o  

d i s t i n g u i s h  the  p a r t  i n  which the p roduc t  

sgn v - sgn Au( t  - A t )  i s  taken. The b l o c k  marked ” S t a t i s -  

t i c a l  Device” i nc ludes  the p r e g i s t e r ,  random no ise  source 
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and the  comparator. The i n p u t  t o  t h e  s t a t i s t i c a l  dev ice i s  

thus a +1 o r  - 1  s i g n a l  which determines the  d i r e c t i o n  o f  the 

increment o f  t he  p r e g i s t e r .  

The even t  A i n  the  p reced ing  s e c t i o n  i s  t he  s i g n  o f  

the  o u t p u t  Au. 

t o  a nega t i ve  Au. C l e a r l y ,  o n l y  one o f  these can occur  
b u t  one must occur  on any one c l o c k  pu lse.  

f o r e  meet the requirement t h a t  they form an exhaus t i ve  s e t  
o f  m u t u a l l y  e x c l u s i v e  events.  

A+ thus corresponds t o  a p o s i t i v e  Au and A-  

A, and A - there-  

The event  B i n  the development o f  Bayes' formula i s  
the i n p u t  t o  the  S t a t i s t i c a l  Device. However, t h i s  i n p u t  can 
be e i t h e r  +1 o r  - 1  and we t h e r e f o r e  have two events.  We 
w i l l  denote these as B+ and B - ,  r e s p e c t i v e l y .  We must 

t h e r e f o r e  app ly  Bayes' formula tw i ce  t o  d e f i n e  the needed . 

change i n  p(A+) when the  observed even t  i s  B+ and a l s o  
when i t  i s  B - . Th is  i s  r e a d i l y  done by r e p l a c i n g  B i n  

Equat ions 4:8 and 4:9 by B+ and B . 
the two equat ions  r e s u l t i n g  from 4:9 by u s i n g  r+ and r- 

cor responding t o  B+ and B-, r e s p e c t i v e l y .  Thus, 

We w i l l  d i s t i n g u i s h  

4:lOa - 1 - P(A+)  ............. hp(A+IB+) = 1 

where 

.......................... 4:lOb 

and 

4:11a 
1 - P(A+)  Ap(A+i B- ) = ----- ............. 

1 



whe r e  

.......................... 4 : l l b  

R e f e r r i n g  t o  F i g u r e  4.1, i t  i s  no ted  t h a t  the  p roduc t  

sgn v * s g n  Au( t  - A t )  produces the  event  B which i s  be ing  

observed and t h i s  even t  i s  c o n d i t i o n a l  upon the s i g n  o f  

Au( t  - A t ) .  

understood t o  be, by d e f i n i t i o n ,  the p r i o r  event  i n  the 

Au sequence. Thus, the  p r o b a b i l i t y ?  say, t h a t  B w i l l  be 
n e g a t i v e ?  g iven t h a t  Au( t  - A t )  i s  nega t i ve  depends e n t i r e l y  

on the  p r o b a b i l i t y  t h a t  the  i n p u t  v w i l l  be p o s i t i v e ;  t h i s  

p r o b a b i l i t y  i s ,  i n  t u r n ,  a f u n c t i o n  o f  t he  way i n  which the 

c o n t r o l  l e d  p l a n t  and the Performance Assessment r e a c t  t o  the  

event  A+ o r  A _ .  
p o s i t i v e  by p(v+) ,  we can w r i t e  

But  t he  l a t t e r  i s  t he  even t  A+ o r  A _ ,  which i s  

Denot ing the p r o b a b i l i t y  t h a t  v w i l l  be 

P(B- IA-)  = P(V+) .......................... 4:12 

P(B,IA+) = P ( V - 1  .......................... 4:13 

P(B+lA+) = P(V+)  

P(B+IBJ  = P ( V - 1  , 

By s i m i l a r  reasoning, we a l s o  have 

................... ;...... 4:14 

........................... 4:15 

Us ing  Equat ions 4:12 through 4:15, we c a n -d e f i n e  r+ 
and r- i n  4:lOb and 4 : l l b  as 

- P h + >  
r+ - ................................ 4:16 

P ( V -  1 

- ............................... 4:17 r- - 
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and we no te  t h a t  

4:18 - 1 - -  .................................. r+ r- 

Furthermore,  v+ and v -  a l s o  f o r m  an exhaus t i ve  s e t  

o f  m u t u a l l y  e x c l u s i v e  events,  s i nce  o n l y  one can occur  b u t  

one i s  always present .  Therefore,  

P(V+) + P ( V - 1  = 1 ......................... 4:19 

Equat ions 4:lOa and 4:11a, w i t h  the  c o r o l l a r y  
Equat ions 4:16, 4:17, and 4:19 ( t o  be r e f e r r e d  t o  as t he  

d e f i n i n g  equa t i ons )  p r o v i d e  an a n a l y t i c a l  bas i s  f o r  f u r t h e r  

unders tand ing  o f  PSV  ope ra t i on .  

i n p u t  be ing  considered,  and Ap(A+IB+), Ap(A+lB-) d e f i n e  the 

manner i n  which the  ou tpu t  p r o b a b i l i t y  should  be changed, 

s e q u e n t i a l l y ,  depending upon whether B+ o r  B- i s  observed 

a t  the  i n p u t  t o  the  s t a t i s t i c a l  &v ice .  

Thus p(v+) de f i nes  the  

The above equat ions can be summarized i n  a s i n g l e  

equa t i on  u s i n g  the  n o t a t i o n  and convent ions e s t a b l i s h e d  

i n  Sec t i on  2 o f  t h i s  repo r t .  By s imp le  s u b s t i t u t i o n  and 

a lgeb ra ,  a1 1 ' t h e  equa t ions  fo r  Bp(A1B) become expressed 

45 A Z s :  

where ~ ( z , )  i s  the a l g e b r a i c  s i g n  o f  the p - r e g i s t e r  i npu t .  

Th i s  d i f f e r e n c e  equa t i on  can be used t o  approximate a 

d i f f e r e n t i a l  equa t i on ,  so  t h a t  an express ion  f o r  the Zs 

v a l u e  f o r  d i f f e r e n t  p - r e g i s t e r  l e v e l s  can be obta ined.  

However, f o r  the remaining d i scuss ion ,  the  i n t e r e s t  w i  1 1  
be on the  sequen t i a l  aspect  o f  the problem. 

114 



The p o l a r i t y  o f  Ap r e l a t i v e  t o  the i n p u t  p(v+)  i s  o f  

i n t e r e s t  s ince  t h i s  p o l a r i t y  must be e s t a b l i s h e d  i n  the P S V ,  
i .e .  , the  PSV must decide whether Ap w i l l  be increased when 

B = B, and decreased when B = B - o r  v i c e  versa. 

seen f rom an examinat ion  of t he  d e f i n i n g  equat ions  

As may be 

AP(A+IB+) > 0 

AP(A+l  B- 1 < 0 

when p(v+)  > 0.5 ...................... 4 : 2 0  

Hence a mechanizat ion i n  which the p o l a r i t y  o f  i n c r e -  
ment ing  p(A+) matches the s i gn  of the  observed s i g n a l  B a t  

the  i n p u t  t o  the s t a t i s t i c a l  dev ice  imp l i es  an i n p u t  p(v+) 

hav ing a h i g h e r  p r o b a b i l i t y  of be ing  p o s i t i v e  than negat ive .  

I f  the oppos i t e  were expected, i . e . ,  p[v+)  < 0.5, i t  would 

be necessary t o  i n v e r t  the  Ap p o l a r i t y ,  i . e .  , t o  decrease 

Ap when B+ occurred.  

Ap and B p o l a r i t i e s  can on l y  be one o r  the o t h e r  o f  the  above 
two p o s s i b l e  mechanizat ions,  p (v+)  = 0.5 becomes an i n -  

t r a c t a b l e  inpu t .  Indeed, as may be seen from the  d e f i n i n g  
equat ions  

Since the  r e l a t i o n s h i p  between the 

............... 4:21 

I n  v iew of the  symmetry o f  Ap f o r  0 < p(v,) < 0.5 
and 0.5 < p(v+)  < 1 ,  and s ince  the l a t t e r  i s  o f  g rea te r  

p r a c t i c a l  i n t e r e s t ,  we w i  1 1  r e s t r i c t  f u r t h e r  cons ide ra t i on  

t o  t h i s  range. We w i l l  thus be concerned w i t h  the c l ass  o f  

i npu t s ,  v, which a r e  more l i k e l y  t o  be p o s i t i v e  than negat ive .  

Note t h a t  f o r  the  upper l i m i t  o f  t h i s  range, i .e . ,  when 

p(v+)  = 1 



and 

The above s imply says t h a t  when we a r e  c e r t a i n  t o  

always have a p l u s  a t  the  i npu t ,  i . e .  p(v,> = 1 ,  we shou ld  

f o l l o w  t h i s  i n p u t  on a one- to-one bas is .  Th is  obv ious l y  

e l i m i n a t e s  t he  PSV. The range o f  p r a c t i c a l  i n t e r e s t  i s  
t h e r e f o r e  when v i s  n e i t h e r  c e r t a i n  t o  be p o s i t i v e  no r  i s  

i t  comple te ly  random, i .e .  the re  i s  some b i a s  toward a 

p o s i t i v e  p o l a r i t y  i n  the PSV inpu t .  

4.1.3 Desiqn Cons idera t ions  

F i g u r e  4.2 i s  a p l o t  o f  the  abso lu te  va lue  o f  Ap as 

a f u n c t i o n  o f  p(A+),  f o r  p (v+ )  as a parameter i n  the  range 

0.5 < p ( v+ )  < 1.  
t o  f a c i l i t a t e  comparisons o f  the  magnitude o f  Ap f o r  oppos i te  

s igns o f  B. I t  i s  thus noted t h a t  p a i r s  o f  curves correspond,- 
i n g  t o  a g iven va lue  o f  p ( v+ )  a re  m i r r o r  images o f  each o t h e r  

when the m i r r o r  i s  l oca ted  a t  p(A+) = 0.5. 

Th is  form o f  p r e s e n t a t i o n  has been chosen 

I t  i s  e v i d e n t  from F igu re  4.2, as w e l l  as from the 

d e f i n i n g  equa t ions ,  t h a t  mechanizat ion o f  the  a n a l y t i c a l  

model must exc lude the extremes p(A+) = 0 and p(A -!- ) = 1 .  
A t  t h i s  p o i n t  Ap i s  always zero, regard less  o f  the observed 

p o l a r i t y  o f  B y  and the system would t h e r e f o r e  become i n -  

ope ra t i ve .  Ac tua l  PSV u n i t s  have used a range 

0.05 I p(A+) 5 0.95 f o r  t h i s  and r e l a t e d  reasons. 

F i gu re  4.2 can serve as a bas i s  f o r  c o n s t r u c t i n g  

s t a t i s t i c a l  source t r a n s f e r  f u n c t i o n s  i f  we assume p (v  + ) 
t o  be known. Al though the a n a l y t i c a l  model de f i nes  t he  

change i n  p(A+) f o r  any random sequence o f  p l u s  and minus 
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v s i g n a l s  a t  the  i n p u t ,  i t  i s  c o n s t r u c t i v e  t o  pose the  
f o l l o w i n g  problem. Assume t h a t  p(A+) i s  a t  one o r  the  

o t h e r  o f  i t s  l i m i t s ,  i.e. 

where E i s  the  smal l  p o s i t i v e  q u a n t i t y  needed t o  a v o i d  the 
t h e o r e t i c a l  l i m i t s  o f  p(A,) = 0 and p(A+) = 1 ,  as discussed 

above. Depending upon the  a c t u a l  p o l a r i t i e s  o f  v and t h e i r  

t ime sequence, p(A+) w i l l  p rogress f rom one o f  these l i m i t s  

t o  the  o t h e r  and assume p a r t i c u l a r  va lues i n  between, 

Since a change i n  p(A+) i s  accomplished w i t h  each 

c l o c k  pu lse ,  the  sequen t i a l  change p(A+) corresponds t o  i t s  
v a r i a t i o n  w i t h  t ime. The minimum t ime t o  t r a v e r s e  the  range 

o f  p(A+) w i l l  be ob ta ined  when t h e r e  i s  a consecut ive  

sequence o f  B i n p u t s  o f  s u f f i c i e n t  l e n g t h  (and o f  the  ap- 

p r o p r i a t e  p o l a r i t y ) .  To i l l u s t r a t e  t h i s  and t o  show the  e f f e c t  

o f  p(v+)  on t h t s  minimum reve rsa l  t ime, assume t h a t  we s t a r t  
a t  p(v+), = E and we s e t  E = 0.01. For  any f i x e d  va lue  o f  

p(v,) we can o b t a i n  the  r e q u i r e d  Ap from F i g u r e  4.2 and 

compute the nex t  va lue ,  p(A+)K=l, i .e . ,  the  va lue  o f  p(A+) 
a t  t he  end o f  the  f i r s t  s t e p  (K= l ) .  We can thus proceed 

t o  take  a s u f f i c i e n t  number o f  steps t o  a t t a i n  the  upper 
l i m i t  p(A,) = 1- E.  F i g u r e  4.3 has been produced i n  t h i s  

manner and shows the  minimum t ime needed t o  change p(A+) 

f rom one extreme t o  the  o t h e r  f o r  each of the  assumed va lues 

o f  P(V+) *  

Th i s  a n a l y t i c a l  development t r e a t s  the  PSV as a 

separate element hav ing  a p(v+)  i n p u t  and p(A I- ) o u t p u t t a n d  

the  r e l a t i o n s h i p  between the  two i s  cons idered as though 

the  i n p u t  i s  known independent ly  from the  ou tpu t .  Th i s  
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i s  use fu l  i n  g a i n i n g  a b e t t e r  unders tand ing o f  the  i n t e r n a l  
o p e r a t i o n  o f  the  PSV.  For  example, the  curves i n  F i gu re  4.3 
can f a c i l i t a t e  des ign o f  the  p r e g i s t e r  bo th  w i t h  regard  t o  

t h e  number o f  s teps and the  s e l e c t i o n  o f  c l o c k  ra tes .  

However, i t  i s  w e l l  known f rom a p p l i c a t i o n  s t u d i e s  t h a t  
t he  i npu t ,  v, t o  the PSV i s  dependent upon the  p rev ious  

ou tpu t ,  A. indeed i n  the  s imp les t  case, v i s  the  r e s u l t  

o f  d i r e c t l y  assess ing the  ou tpu t  and, i n  more general  cases, 
a d d i t i o n a l  f .ac tors  e n t e r  the  assessment t o  make the  dependence 

mo re  comp 1 ex. 

That t h e  PSV i npu t  and ou tpu t  must be dependent events 

can a l s o  be demonstrated by aga in  u s i n g  the  a n a l y t i c a l  

framework developed i n  t h i s  sec t i on .  Thus, cons ide r  once 

more the PSV module element i n  which the  p roduc t  

sgn v - s g n  Au ( t -A t )  i s  taken (F igu re  4.1). We w i l l  assume 

t h a t  v and A a r e  independent events and prove t h a t  t h i s  

assumption i s  n o t  v a l i d .  F i r s t ,  we express the  p r o b a b i l i t y  
p(B+) based on t he  assumption o f  independence and o b t a i n  

P(B+) = P(A+) P(V,) ........................ 4:22 

o r  

P(B+) = P ( A - 1  P h - 1  ........................ 4:23 

Equa t ing  t h e  r i gh t - hand  s ides  o f  4:22 and 4:23 and 

express ing  the  r e s u l t  i n  terms o f  p(A,) and p(v,) o n l y ,  we 
o b t a i n  

P(V+)  + P(A+)  = 1 ........................ 4:24 

We can a l s o  w r i t e  t he  p r o b a b i l i t i e s  o f  B_ as f o l l o w s  
I 

P(BJ = P(A+) P ( V - 1  ........................ 4:25 
or  

p (B- )  = p (A- )  p (v+ ........................ 4:R6 
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Combining as above, we o b t a i n  

P(V+)  = P(A+) ............................ 4:27 

c c o r d i n g l y ,  f rom 4:24 and 4:27 we have 

p(v,) = 0.4 

I 
But  t h i s  l a s t  corresponds t o  the  i n t r a c t a b l e  case 

p r e v i o u s l y  d iscussed, f o r  which the  PSV, and the  a n a l y t i c a l  

f o r m u l a t i o n  o f  i t ,  have no p h y s i c a l  meaning. The as- 
sumption o f  independence between the  PSV i n p u t  and i t s  

o u t p u t  must t h e r e f o r e  be exc luded from cons ide ra t i on .  
Thus the  i d e a l  f i r s t  step,  i n  a p p l y i n g  the  a n a l y t i c a l  
techniques as eva loved h e r e i n  t o  system design,  i s  t h a t  o f  

d e f i n i n g  the dependence o f  the  i n p u t  t o  the  PSV u n i t  on 

i t s  o u t p u t  ( t h i s  o u t p u t  i s ,  o f  course, reac ted  t o  and t r a n s -  

formed by the  o u t e r  loop, i .e . ,  by the  p l a n t  and the  

Performance Assessment u n i t ) .  A d d i t i o n a l  e f f e c t s ,  such as 
the  expected degree o f  no i se  on sensor s i g n a l s ,  should 

then be cons idered i n  des ign o f  the  s t a t i s t i c a l  source 

t ran5 f e  r cha r a c t e  r i s t i cs 

4.2 Role o f  S t a t i s t i c a l  Sources i n  Sinqle-PSV Systems 

The preced ing  s e c t i o n  d e a l t  w i t h  the  methods which 

m igh t  be used t o  des ign the  s t a t i s t i c a l  source when p(v+)  

i s  assumed t o  be cons tan t  f o r  a l l  va lues  o f  p(A+). 

designs o f  t he  PSV, a l t hough  n o t  based on the  above formal 
methods, neve r the less  produced s t a t i s t i c a l  source t r a n s f e r  

f u n c t i o n s  somewhat s i m i l a r  t o  the  ones shown i n  F i g u r e  4.3 
f o r  va lues  o f  p(v+) i n  the  range o f  0.8-0.9. 
t o  cons ide r  the  n a t u r e  o f  system o p e r a t i o n  when such a PSV 
i s  i nco rpo ra ted  i n  the  c o n t r o l l e r  desi-gn, u s i n g  the  

"Elementary SOC" ( d e f i n e d  i n  Sec t i on  3). 

Past 

We now w ish  

.- I Pf- I 



As d iscussed i n  e a r l i e r  p a r t s  o f  the  r e p o r t ,  i t  i s  

i l l u m i n a t i n g  t o  compare a single-PSV SOC system w i t h  r e l a y  

c o n t r o l l e r s .  Because o f  the  u - r e g i s t e r  c h a r a c t e r i s t i c s ,  the  

c o n t r o l l e r  o u t p u t  i s  r e s t r i c t e d  t o  t h e  range between +umax 

and -Umax, which i s  a c h a r a c t e r i s t i c  a l s o  common t o  r e l a y  

c o n t r o l l e r s .  I t  i s  t h e r e f o r e  o f  i n t e r e s t  t o  e s t  
form i n  which s w i t c h i n g  occurs  f rom one extreme 

o t h e r  i n  a PSV c o n t r o l l e r ,  as compared t o  a v a r i e t y  o f  r e l a y  

c o n t r o l l e r s ,  e.g., r e l a y s  w i t h  a p r o p o r t i o n a l  range, deadzone, 

de lay ,  h y s t e r e s i s ,  o r  combinat ions o f  these c h a r a c t e r i s t i c s .  

I 

To f a c i l i t a t e  the  comparat ive a n a l y s i s ,  we w i l l  use 

the  system c o n f i g u r a t i o n s  shown i n  F i g u r e  4.4. The e s s e n t i a l  
f e a t u r e  o f  c o n f i g u r a t i o n  ( B )  i n  the f i g u r e  is t h a t  the  PSV 
and u - r e g i s t e r  combinat ion rep lace  the  r e l a y  c o n t r o l  I e r .  

The sgn e o p e r a t i o n  can be viewed as a s i g n a l - c o n d i t i o n i n g  
process aimed a t  p r o v i d i n g  the  b i n a r y  form r e q u i r e d  by the  

PSV. However, t h i s  o p e r a t i o n  w i l l  be seen t o  i n f l u e n c e '  

g r e a t l y  the  s w i t c h i n g  f u n c t i o n  o f  t he  PSV. To d e f i n e  the  

s w i t c h i n g  f u n c t i o n ,  we assume t h a t  u is  i n i t i a l l y  a t  i t s  
p o s i t i v e  l i m i t ,  umax, and t h a t  t h i s  i s  t he  d e s i r e d  d i r e c ; t i o n  

o f  c o n t r o l ,  i.e., sgn e i s  p o s i t i v e  and the  system i s  ' 
d r i v i n g  toward the  s w i t c h i n g  l i n e  d e f i n e d  by t h e  s lope  1/T. 
L e t  us denote t h i s  phase as I and e s t a b l i s h  the  cor respdnding 

PSV ope ra t i on .  I f  the  phase p e r s i s t s  long  enough, p(A,) 
w i l l  reach i t s  l i m i t i n g  va lue  I - E, and the  p r o b a b i l i t y  

o f  o b t a i n i n g  p o s i t i v e  Au, so as t o  m a i n t a i n  u a t  +urnax, 

be sus ta ined  i s  r e a d i l y  seen from t h e  f a c t  t h a t ,  i n  the  

absence o f  no i se  i n  the system ( o u t s i d e  t h e  PSV),  the  

p r o b a b i l i t y  o f  v+ i s  e s s e n t i a l l y  u n i t y ,  s i nce  i t  i s  de t e  r m  i ned 
o n l y  by the  p o l a r i t y  o f  p r e d i c t e d  e r r o r .  Since the p r o b a b i l i t y  

o f  A+ i s  c o n t r o l l e d  by the  s i g n  o f  B, the  i n p u t  t o  t h e  

s t a t i s t i c a l  dev ice,  we a r e  i n t e r e s t e d  i n  p(B+). 

P 

P 

w i l l  become ve ry  n e a r l y  u n i t y .  That t h i s  c o n d i t i o n  w i l l  I '  

But 



W 



Also ,  as p r e v i o u s l y  shown, 

P (B+ \A+)  = P(V+) ......................... 4!14 

P(B+ IA- )  = P(VJ  ......................... 4:#15 

Combining the  above, and r e p l a c i n g  p ( v - )  and p(A - ) 
by t h e i r  complements , 

P(B+)  = p(A+)p(v+) + E 1  . p(A+) l l j l  . p ( v + ) l  ... 4:29 

For  the  c o n d i t i o n s  o f  phase I descr ibed  above 

P ( B + I l  = 1 - E = P(A+) ,  
I 

wh ich i s  very  n e a r l y  u n i t y ,  and t h e r e f o r e  u w i l l  remain a t  

+'max w i t h  o n l y  occas ional  decrements, -Au, a t  a p r o b a b i l i t y  E .  

We now cons ide r  the  sequence o f  events  f o l l o w i n g  a 

change i n  sgn e This* i m p l i e s  a c r o s s i n g  i n  the  s w i t c h i n g  

l i n e  and a need t o  reverse the  p o l a r i t y  o f  u. Since the  u 
r e g i s t e r  must go through a t  l e a s t  h a l f  i t s  f u l l  range t o  

ach ieve the  change i n  p o l a r i t y ,  i t  i s  e v i d e n t  t h a t ,  

regard less  o f  the  s i g n  o f  Au, v w i l l  be v -  d u r i n g  t h i s  

i n t e r v a l  o f  revers ing .  I d e n t i f y i n g  t h i s  phase as I I ,  we 

have 

P' 

P(VJII 1 

But  p(A+) remains i n i t i a l l y  a t  p(A + I  ) = 1 - E ,  and 

a computat ion oaf p(B+), ,  a t  t he  beg inn ing  o f  t h e  phase, 

u s i n g  Equat ion  4:28, g ives  

P (B+ = E  
I I  
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The p r o b a b i l i t y  o f  B- i s  t h e r e f o r e  n g a r l y  u n i t y  and 

p(A+) i s  n e a r l y  c e r t a i n  t o  s t a r t  decreasing. 

decrements i n  u based on the  t r a n s f e r  f u n c t i o n  o f  t he  s t a t i s -  

Th is  i h i t i a t e s  

t i c a l  source. The r e s u l t i n g  change o f  u w i t h  t ime i s  non- 

l i n e a r  even i f  the  average v a l u e  o f  P(A, )~~ i s  used. 

a d d i t i o n ,  a random v a r i a t i o n  i s  superimposed on t h i s  non- 
l i n e a r  f u n c t i o n  o f  t ime as sketched i n  F i g u r e  4.5. 

I n  

I t  i s  o f  i n t e r e s t  t o  cons ider  t h e  te rm ina l  p o i n t  

o f  phase I I ,  s i n c e  t h i s  dea ls  w i t h  r e l a t i v e  s i z e s  o f  t he  1 
p and u r e g i s t e r s .  I n  c u r r e n t  designs,  t he  p r e g i s t e r  has 
about h a l f  the  number o f  u - r e g i s t e r  steps,  i.e. 7 vs. 15. 
The e f f e c t  o f  t h i s  cho ice  i s  t o  assure the  change o f  p(A,) 

from one extreme t o  the  o t h e r  w h i l e  t h e  u r e g i s t e r  i s  l a r g e l y  

i n  i t s  i n i t i a l  ( p o s i t i v e )  p o l a r i t y .  Thus, i n  the case 

cons idered above, v remains nega t i ve  f o r  a t  l e a s t  7 s teps 

o f  t h e  u r e g i s t e r ,  b u t  t h i s  corresponds t o  the  minimum 

number o f  s teps i n  Ap needed t o  change p(A+) f rom 1 - E t o  

E .  The t ime de lay assoc ia ted  w i t h  the  change o f  u from i t s  

maximum p o s i t i v e  va lue  t o  ze ro  t h e r e f o r e  depends upon the  

shape o f  t he  t r a n s f e r  f u n c t i o n  i n  the  s t a t i s t i c a l  device,  

the number of steps i n  each r e g i s t e r ,  and the  c l o c k i n g  

r a t e ( s )  f o r  the  r e g i s t e r s .  

The remainder o f  phase I I ,  i n  which u goes from t h e  
v i c i n i t y  o f  ze ro  t o  -urnax, i s  then accomplished w i t h  ap- 
p rox ima te l y  minimum delay,  i .e . ,  i t  takes l i t t l e  more than 

the  minimum t ime r e q u i r e d  t o  s t e p  through h a l f  the  u r e g i s t e r .  
Th is  i s  a l s o  sketched i n  F i g u r e  4.5. 

' 

I 

The above i l l u s t r a t i o n  i s  in tended t o  desc r i be  the 
general  c h a r a c t e r  o f  t he  PSV when viewed as a s w i t c h i n g  dev ice 

i n  a s i n g l e - a x i s  c o n t r o l l e r .  The PSV i s  seen t o  produce a 

de layed s w i t c h i n g  a c t i o n ,  where the  shape o f  the  de layed 





va lues  o f  u as a f u n c t i o n  o f  t ime i s  c o n t r o l l e d  by the  

r e l a t i v e  s i z e s  o f  the  u and p r e g i s t e r s ,  t h e  shape o f  t he  

s t a t i s t i c a l  source t r a n s f e r  f u n c t i o n ,  i .e . ,  Ap(A+) as a func- 
t i o n  of p ( v + ) ,  and the  r e g i s t e r  c l o c k i n g ” r a t e ( s ) .  

cannot be i t s e l f  produce p r o p e r t i e s  which a r e  symmetrical 

about e = 0, as u s u a l l y  occurs  i n  r e l a y  c o n t r o l l e r s ,  

because o f  the sgn e ope ra t i on .  The s w i t c h i n g  a c t i o n  o f  

the  PSV begins when e changes s ign ,  b u t  n o t  before.  

The PSV 

I 

P 
P 

P 
, 

The naQure o f  t he  de layed s w i t c h i n g  i n  a PSV c o n t i r o l l e r  

i s  such as t o  produce a b i a s  f a v o r i n g  the  i n i t i a l  p o l a r i t y  

o f  u, ;.e., the  PSV h e s i t a t e s  t o  change p o l a r i t y .  Yowever, 

once the  change i n  p o l a r i t y  i s  accomplished, t h i s  change 
proceeds ’ w i t h  e s s e n t i a l  fy minimum delay t o  the  1 i m i t i n g  

u va lue  hav ing  the  r e q u i r e d  p o l a r i t y .  Note t h a t  the  delayed 

s w i t c h i n g  con ta ins  cons iderab le  v a r i a b i l i t y ,  e s p e c i a l l y  

d u r i n g  the  i n i t i a l  phase, due t o  the  random aspects o f  i t s  
o p e r a t i o n ,  and the  frequency o f  s w i t c h i n g  w i l l  t h e r e f o r e  a l s o  

have a random element i n  i t. Th is  tends t o  p revent  sus ta ined  

e x c i t a t i o n  o f  system h igh- o rde r  resonant f requenc ies ,  should 

the  f requency o f  s w i t c h i n g  and the  resonant f requenc ies  

be o f  comparable magnitudes, 

I t  i s  w e l l  e s t a b l i s h e d  t h a t  r e l a y  c o n t r o l l e r s  w i t h  a I 

t ime de lay  a r e  c h a r a c t e r i z e d  by an undes i rab le  l i m i t  c y c l e  
i n  the  steady s t a t e .  I t  i s  t o  be emphasized, . there fore ,  
t h a t  t he  de lay produced by the  PSV i s  n o t  o f  the  same na tu re  

as t h a t  found i n  convent iona l  re lays ,  s i n c e  u achieves 

i n te rmed ia te  va lues w h i l e  sw i t ch ing .  

c h a r a c t e r i z a t i o n  f o r  the  PSV s w i t c h i n g  a c t i o n  would be t h a t  

o f  de lay ,  p l u s  p r o p o r t i o n a l  c o n t r o l  w i t h  l i m i t i n g . )  F u r t h e r -  
more, l i m i t  cyc les  a r e  produced by a r e p e t i t i v e  p a t t e r n  i n  

the  c o n t r o l  process ( r e s u l t i n g  i n  a f i x e d  p a t t e r n  i n  the  

(Perhaps .;i b e t t e r  

phase p l a n e ) ,  whereas the  random c h a r a c t e r i s t i c s  o f  the  PSV 

Y 



s w i t c h i n g  f u n c t i o n  p rec lude  a f u l l y  r e p e t i t i v e  c o n t r o l  

p a t t e r n .  For  t h i s  reason, and as has been v e r i f i e d  w i t h  
hardware t e s t s  o f  s i n g l e - a x i s  SOC's, and as shown i n  Sec t ion  
3 o f  t h i s  r e p o r t ,  PSV c o n t r o l l e r s  do n o t  u s u a l l y  e x h i b i t  a . 
1 i m i  t cyc le .  

The p reced ing  d i scuss ion  assumed the  absence o f  
c o r r u p t i n g  noise.  I n  the  presence of no i se ,  the delayed 1 

s w i t c h i n g  f u n c t i o n  o f  t h e  PSV c o n t r o l l e r  takes on a d i f f e r e n t  

l i g h t .  I f  no i se  were p resen t  t o  c o r r u p t  t he  v input ,  i . e . ,  t o  

g i ve  wrong assessments o f  r e q u i r e d  c o n t r o l  p o l a r i t i e s ,  the  

p r e g i s t e r  would serve as a n o i s e  f i l t e r ,  the  th reshho ld  

o f  which would be g iven  by h a l f  the  number o f  s teps i n  the  

p r e g i s t e r .  However, suppose the re  i s  no s t a t i s t i c a l  source 

i n  the  system. The p r e g i s t e r  would then, depending on the  

amount o f  n o i s e  p resen t  i n  v ,  have t o  be viewed as a s i g p l e  

delay w i t h i n  the  con tex t  o f  normal r e l a y  c o n t r o l l e r s ,  and 

system o p e r a t i o n  would then be c h a r a c t e r i z e d  by 1 i m i t  c y c l i n g .  

The e f f e c t  o f  t he  s t a t i s t i c a l  source no i se  i n  s i n g l e -  
PSV o p e r a t i o n  m igh t  be p laced on more a n a l y t i c a l  bases, 

u s i n g  the  techniques descr ibed  i n  t h i s  s e c t i o n ,  Th is  e f f o r t  

has n o t  as y e t  been completed, b u t  general  performance 

c h a r a c t e r i s t i c s  i n  the  presence o f  no i se  a r e  q u i t e  ev iden t .  
Thus, one of the  f u n c t i o n s  o f  t he  delayed change i n  o u t p u t  

p o l a r i t y  i s  t o  p r o v i d e  assurance t h a t  t change i s  n o t  

b e i n g  t r i g g e r e d ' b y  no ise.  

can c o r r u p t  t he  known dependence a5 p(v+)  upon p(A+), thk  

more t ime should be taken b e f o r e  u i s  made t o  reverse p o l a r i t y .  

However, w h i l e  t h i s  d e c i s i o n  process i s  t a k i n g  p lace ,  a c t i o n  

i s  a l s o  t a k i n g  p lace ,  s ince  u is b e i n g  reduced i n  magnitude 
i n  accordance w i t h  t h e  we igh t  which t h e  s t a t i s t i c a l  source 

g i ves  t o  the  accumulat ing evidence. I 

The more l i k  y i t  i s  t h a t  no ise  



The above f e a t u r e  o f  s imultaneous l e a r n i n g  and a c t i o n ,  I 

where the l a t t e r  i s  based on the  best  es t ima te  t o  date, i s  c 

c e n t r a l  t o  s e l f - o r g a n i z i n g  c o n t r o l .  I n  t he  case o f  a s i n g l e -  ~ 

PSV system, i t  does n o t  come i n t o  v iew u n t i l  t he  c o n t r o l  

problem incorpora tes  s u f f i c i e n t  complex i ty ,  which i n  t h i s  

d i scuss ion  meant t he  i n c l u s i o n  o f  no ise  i n  the v inpu t .  
Thus, a conven t iona l  c o n t r o l l e r  can r e a d i l y  be con f i gu red  

to  p r o v i d e  d e s i r a b l e  performance i n  the absence of noise.  

I t  can a l s o  be con f i gu red  t o  handle noise.  However, i t  can 

no t  be made t o  handle bo th  extremes, o r  g rada t ions  i n  

between, i n  an optimum fash ion.  Thus, w i t h  the p - r e g i s t e r  

f i l t e r  a lone,  u would f o l l o w  the co r rup ted  i npu t  w i t h  a 
s imple  t r a n s p o r t  delay. I n  PSV Cont ro l  ,.. u i s  changing i n  the  

requ i r ed  d i r e c t i o n  and the r a t e  o f  the  change i s  determined 

by t he  accumula t ing  ev idence as t o  t he  v a l i d i t y  o f  the  v '  

i n p u t  s i g n a l s .  Furthermore, t he  PSV c o n t r o l l e r  randomizes 
i t s  "s1 i d i n g  mode" (Refs. 5 , 6 )  and s teady- s ta te  opera t ion ,  

w i t h  o r  w i t h o u t  no ise  i n  the  v input ,and thus avo ids  l i m i t  
c y c l i n g .  The p r e g i s t e r  a lone,  on the o t h e r  hand, may have 

a s a t i s f a c t o r y  s t eady- s ta te  behav io r  i f  t h e r e  i s  enough no i se  

i n  t h e  system. I n  t he  absence o f  no ise ,  however, i t  would 

produce a 1 i m i t  cyc le .  

4.3 Role o f  S t a t i s t i c a l  Source i n  Mul t ip le-PSV Systems 

To show the  unique f u n c t i o n s  per formed by the  

s t a t i s t i c a l  source i n  a single-PSV system, i t  was necessary 

t o  i n c l u d e  no i se  as an element o f  the problem and cons ide r  

performance i n  i t s  presence. A 1  though no i se  can, obv ious l y ,  

be a p a r t  o f  any system, i t  i s  n o t  necessary t o  invoke i t s  
presence when cons ide r i ng  PSV f u n c t i o n s  i n  mul t ip le-PSV 

c o n f i g u r a t i o n s ,  s i nce  the l a t t e r  c o n t a i n  o t h e r  comp lex i t i e s  

which can draw upon the  f u n c t i o n a l  c a p a b i l i t i e s  o f  t h e  PSV. 
A l though Phase 1 o f  t h i s  s tudy d i d  n o t  i nc l ude  m u l t l p l e -  

PSV c o n f i g u r a t i o n s ,  t he  p o t e n t i a l  use of  the  PSV i n  such 
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systems d u r i n g  Phase I I formed a background f o r  qual i t a t i v e  

p r o j e c t i o n s  o f  Phase I r e s u l t s  i n t o  mu1 t ip le-PSV usage. 

The purpose o f  t h i s  s e c t i o n  i s  t o  summarize the present  

t h i n k i n g  concern ing the n a t u r e  o f  mul t ip le-PSV systems as 

i t  r e l a t e s  t o  s t a t i s t i c a l  source f unc t i ons .  Since t h i s  

p r e s e n t a t i o n  i s  necessa r i l y  a q u a l i t a t i v e  one, i t  i s  bes t  
done through a s p e c i f i c  example. 

;'c 

F igu re  4.6 ( A )  shows an i l l u s t r a t i v e  mul t ip le-PSV 

c o n f i g u r a t i o n  which ma in ta i ns  as much s i m i l a r i t y  as i s  f e a s i b l e  

t o  the single-PSV system considered throughout  t h i s  r epo r t .  

Thus, we a r e  s t i l l  d e a l i n g  w i t h  a s i n g l e - a x i s  system as  

exempl i f i e d  by the ~7 ' p l a n t ,  c o n t r o l l e d  by a to rque T. 
However, t h i s  to rque i s  the  sum o f  two components, each due 

t o  a separate ac tua to r .  For  the sake o f  s p e c i f i c i t y ,  we 

have assumed the a c t u a t o r s  t o  be magnet ic  to rquers  and the 

c o i l  i npu t s  u1 and u2 a r e  t h e r e f o r e  cu r ren t s .  The two 

to rquers  a re  assumed t o  be or thogona l  and t o  have ou tpu ts  
which va ry  w i t h  t ime, due t o ,  say, mo t ion  o f  a s a t e l l i t e  

v e h i c l e  i n  a p o l a r  o r b i t  around the  Ear th .  A n  assumed t ime 

v a r i a t i o n  i s  a l s o  i l l u s t r a t e d  i n  F i gu re  4.6(B).  The 

p o l a r i t i e s  o f  TI and Tz a re  understood t o  r e l a t e  t o  the 

same p o l a r i t i e s  o f  i n p u t  c u r r e n t ,  i .e .  sgn u1 = sgn u2. 

I t  i s  emphasized t h a t  the  to rque curves i n  F i gu re  4.6  
a r e  taken t o  be rep resen ta t i ve  of ope ra t i ona l  c o n d i t i o n s  

bu t  t h a t  the  c o n t r o l l e r  does have t he  b e n e f i t  o f  knowing the  

s p e c i f i c  t ime dependence (phase) o f  such curves, S p e c i f i c a l l y ,  

the  c o n t r o l l e r  i s  t o  be designed t o  produce t he  d e s i r e d  

c o n t r o l  c h a r a c t e r i s t i c s  w i t h o u t  (a )  knowing 2 p r i o r i  the  

p o l a r i t y  of e i t h e r  of t he  two to rquers  o r  (b)  the  r e l a t i v e  
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magnitudes o f  T1 and T2 .  The c o n t r o l l e r  should s t r i v e  f o r  
the  bes t  performance p o s s i b l e  under any s e t  o f  c o n d i t i o n s  

on the to rquers .  Th is  problem c l e a r l y  i nvo lves  the 

performance assessment c r i t e r i o n ;  however, a1 though some 

ment ion o f  t h i s  aspect  w i l l  be made, we wish  t o  focus on 

t he  PSV r o l e  i n  such a design. 

I n  general ,  the c o n t r o l  process can be viewed as t h a t  

o f  a c q u i r i n g  a s p e c i f i e d  t r a j e c t o r y  i n  t h e  phase p lane,  e . g .  

the s w i t c h i n g  l i n e ,  and f o l l o w i n g  t h i s  l i n e  i n t o  the  o r i g i n  

o f  t he  phase p lane.  In  t h i s  sense t he  c o n f i g u r a t i o n  o f  

F i gu re  4.6 i s  n o t  d i f f e r e n t  f rom the  o t h e r  s i n g l e - a x i s  
c o n t r o l l e r s  considered i n  t h i s  r e p o r t ,  and we can t h i n k  

o f  the  ou tpu t  v from the Performance Assessment u n i t  i n  

F i gu re  4.6 as be ing  a measure o f  the  p o l a r i t y  o f  T r e l a t i v e  

t o  the  requ i r ed  p o l a r i t y  o f  c o n t r o l .  However, whereas i n  

the single-PSV system the re  may no t  have been any ques t ion  

about how t o  achieve the  maximum torque i n  the  requ i r ed  

d i r e c t i o n ,  such i s  n o t  the  case here. 

R e f e r r i n g  t o  F i gu re  4.6(B) ,  cons ide r  the to rque 

capabi 1 i t i e s  o f  the two ac tua to r s  a t  t imes tl and t2 i n  
r e l a t i o n  t o  a requirement f o r  maximum p o s i t i v e  torque. A t  
tl the  i npu t  c u r r e n t s  u1 and u2 should obv ious ly  bo th  be 

p o s i t i v e .  However, a t  t2, u2 should be nega t i ve  and u1 

shou ld  be p o s i t i v e .  I n c l u d i n g  the t imes t3 and t4, the 

f o u r  combinat ions which would a t  d i f f e r e n t  t imes produce 

the des i red resu l  t a r e  
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Note t h a t  a t  any one t, t he re  i s  f o r  each o f  t he  above s t a t e s  

a d i f f e r e n t  combinat ion i n  which the to rque cannot be maximum 

b u t  w i l l  have the  requ i r ed  p o l a r i t y .  Denot ing t h i s  as a 

secondary s t a t e ,  we have, f o r  exavple,  ( d )  as a secondary 
s t a t e  f o r  ( a )  when t = tl, i .e . ,  s ince  T2 3 T1, a nega t i ve  

u1 w i  1 1  reduce the t o t a l  appl  i e d  to rque b u t  s t i l l  pe rm i t  a 

n e t  p o s i t i v e  torque.  

The f i r s t  ques t ion  which can be posed i n  r e l a t i o n  

t o  the  above would deal w i t h  the performance assessment 

c r i t e r i o n .  Since a c t u a t o r  p o l a r i t i e s  a r e  n o t  known, a 

c r i t e r i o n  o f  the  form sgn v = sgn e osgn u would n o t  be 

adequate. We t h e r e f o r e  assume t h a t  a second-order c r i t e r i o n  

i s  used, o f  the  form sgn v = -sgn e * sgn  e Such a c r i t e r i o n  

would, i n  e f f e c t ,  rank the  f o u r  p o s s i b l e  s t a t e s  and produce 

a p o s i t i v e  assessment whenever a change has occur red  from 
a l ess  t o  a more d e s i r a b l e  s t a t e .  For  t = tl, f o r  examp 1 e ,  

the  ascending o r d e r  o f  d e s i r a b l e  s t a t e s  would be 

P P 

P P'  

.. 

The r o l e  o f  the  PSV u n i t s  i n  t he  system o f  F i gu re  4.6 
becomes e v i d e n t  when i t  i s  no ted t h a t ,  a l though  the Perform- 

ance Assessment u n i t  can make the  p roper  judgment as t o  

changes o f  s t a t e ,  i t  cannot induce a l l  o f  the  p o s s i b l e  

a l t e r n a t i v e s  because, a t  t h e i r  i npu ts ,  the two P S V ' s  a re  

synchronized w i t h  respect  t o  a s i n g l e  v s i g n a l .  The PSV 
u n i t s  must themselves generate a1 1 the  a1 t e r n a t i v e  modes 

and r a p i d l y  proceed t o  the  maximum va lues o f  T a t  the  

p o l a r i t i e s  o f  T1 and Tz which g i ve  the pr imary  s t a t e .  

The above i s  a s imple  i l l u s t r a t i o n  o f  t he  more 

general  parameter space search f u n c t i o n  o f  t he  PSV. I t  

i s  in tended t o  h i g h l i g h t  two impor tant  aspects :  ( 1 )  the  
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a b i l i t y  o f  the P S V ,  i n  con junc t i on  w i t h  a s u i t a b l e  perfor i i i -  

ance assessmen t , c r i t e r i on ,  t o  d i s t i n g u i s h  between two o r  

more extrema so  as t o  choose the t r u e  optimum s t a t e ,  and 

( 2 )  the  a b i l  i t y  t o  produce a r a p i d  search so as t o  make 
c o n t r o l  p o s s i b l e  i n  a changing environment.  The l a t t e r  i s  
accompl ished through t he  same process p r e v i o u s l y  d iscussed 

f o r  single-PSV a p p l i c a t i o n s ,  i .e . ,  t o  delay the f i n a l  d e c i s i o n  

long enough t o  pe rm i t  a p rog ress ive  accumulat ion o f  evidence 

as  t o  the na tu re  o f  the incoming c o n t r o l  s i g n a l ,  b u t  t o  

con t inuous ly  app ly  c o n t r o l ,  the  magnitude o f  which i s  

weighted by the conf idence i n  t he  c u r r e n t l y  a v a i l a b l e  evidence. 

4.4 Monte Car lo  Experiments Us inq S t a t i s t i c a l  Dec is ion  
Dev i ce -- 

The purpose o f  the  S t a t i s t i c a l  Dec is ion  Device (SDD), 

c o n s i s t i n g  o f  the  p r e g i s t e r  and s t a t i s t i c a l  source, i s  t o  

accept  a b i n a r y  i n p u t  s i g n a l  which has been co r rup ted  by 

no ise  and generate a t  i t s  ou tpu t  a b i n a r y  s i gna l  c o n s i s t e n t  

w i t h  the recent  - a p o s t e r i o r i  b i a s  ( i f  any)  i n  the  inpu t .  

I t  i s  apparent  t h a t  a dev ice  which responds t o  t rends must 

i n t roduce  some l a g  i n  i t s  response. F u r t h e r ,  t he  i n t r o d u c t i o n  

o f  p r o b a b i l  i s t i c a l  l y - c o n t r o l  l e d  no ise  m igh t  seem, a t  l e a s t  

i n i . t i a l l y ,  t o  compound r a t h e r  than so l ve  the problem. The 

purpose o f  t h i s  s e c t i o n  i s  t o  o f f e r  ev idence t h a t  the  a c t i o n  

o f  the  SDD i s  c o n s i s t e n t  w i t h  t h e  des i r ed  r e s u l t s ,  and t h a t  
the  techniques used do n o t  r e s u l t  i n  any s i g n i f i c a n t  l oss  o f  

i n f o r m a t i o n  o r  degradat ion  o f  performance. 

i 

To demonstrate t h i s ,  a G - 1 5  d i g i t a l  computer program 

was w r i t t e n  t o  implement the  f l o w  c h a r t  shown i n  F i gu re  4.7. 
Th is  program i t e r a t e s  i n d e f i n i t e l y  th rough successive 

i n t e g e r  va lues  o f  N, genera t ing  the ou tpu t s  A ,  B, and C. 

The s i m u l a t i o n  o f  t he  SDD i s  open loop,  w i t h  a no ise  generator  

f u r n i s h i n g  a random s e r i e s  o f  p o s i t i v e  and nega t i ve  inpu ts .  
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Th is  i s  accomplished by u s i n g  a c l a s s i c a l  Random Number 

Subrout ine which p rov ides  an ou tpu t ,  - 50 C RN < 50. 
s i g n  o f  t h i s  ou tpu t  i s  determined, and corresponding p o s i t i v e  

o r  nega t i ve  increments a r e  added t o  the  p r e g i s t e r  and t o  the 

C c a l c u l a t o r .  
N 

The 

sgn APi  

i = l  . c = -  
N 

The s i g n  o f  the p r e g i s t e r  i s  mon i to red t o  p rov i de  i n p u t  

f o r  t he  B c a l c u l a t o r .  
N 

I n  a d d i t i o n ,  the  contents  o f  the  p r e g i s t e r  b i a s  the 
genera t ion  o f  each of the increments i n  the  A Channels. 

I n  each A Channel, 

A A i  
N 

- i = l  - --- 
AK N 

There a re  32 such channels ( t o  p rov i de  a s t a t i s t i c a l l y  

meaningfu l  sample f o r  each i t e r a t i o n )  f rom which a grand 
mean, A,  i s  der ived.  P r o v i s i o n  was made f o r  the  i n s e r t i o n  
o f  a s t eady- s ta te  o r  p e r i o d i c  b i a s  i n t o  the Ap generat ion.  

Runs were made w i t h  a seven- leve l  p r e g i s t e r ,  except  

f o r  one comparison run, which used a t h r e e - l e v e l  r e g i s t e r .  

F igu res  4.8 through 4.11 show the  r e s u l t s  o f  t y p i c a l  
runs. F i gu re  4.8 shows response t o  a steady 2 p r i o r i  b i a s  

o f  0.1. F i gu re  4.9 has a steady s p r i o r i  b i a s  o f  - 0 . 5 .  
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F i g u r e  4.10 has no a p r i o r i  b i a s ,  b u t  shows the  e f f e c t  o f  

reduc ing  the  p r e g i s t e r  t o  t h ree  l e v e l s .  F i g u r e  4.11 shows 

the  r e s u l t  o f  a p e r i o d i c a l l y  v a r y i n g  b ias .  

4.5 -- Hardware Tests  o f  S t a t i s t i c a l  ----I_--- Dec is ion  Device 

Hardware Tests o f  t he  S t a t i s t i c a l  Dec is ion  Device 

(SDD) have been performed so as t o  r e l a t e  a c t u a l  o p e r a t i o n  

o f  t h i s  c i r c u i t  t o  i t s  t h e o r e t i c a l  performance. Th is  t e s t i n g  

has been conducted u s i n g  the  p r e g i s t e r ,  no ise  generator ,  

and s t a t i s t i c a l  source l o g i c  i n  the SDD c o n f i g u r a t i o n  shown 

i n  F i g u r e  4.12. Table 4.1 s e t s  f o r t h  t h e  t e s t  program. 

Equipment used f o r  these t e s t s  was descr ibed  i n  Sec t ion  

3 above. 

4.5.1 D e f i n i t i o n s  

The d e f i n i t i o n s  presented i n  Sec t ion  3.1 o f  t h i s  

r e p o r t  w i l l  aga in  be used. 

4.5.2 Exper imental  C o n f i g u r a t i o n  

The S t a t i s t i c a l  Dec i s i on  Device,  F igu re  4.12, is  compcrsed 

o f  a 7 l e v e l  p r e g i s t e r ,  a n o i s e  generator ,  and s t a t i s t i c a l  

source l o g i c .  sgn Ap i s  the p - r e g i s t e r  d i g i t a l  i n p u t ,  t he  

p r o b a b i l i t y  c o n t r o l  v o l t a g e  ( P C V )  i s  t he  p - r e g i s t e r  ana log  

o u t p u t ,  and sgn Au i s  the  SDD d i g i t a l  ou tpu t .  

The SDD was t e s t e d  open loop u s i n g  two types o f  i n p u t  

pu l se  t r a i n s ,  one o f  which con ta ined  no ise.  I n  each case, 

the  sgn Au o u t p u t  was recorded p h o t o g r a p h i c a l l y  t o  determine:  
( i  1 t ime f o r  the  sgn Au o u t p u t  t o  equal t he  sgn Ap 

i npu t  w i t h  e s s e n t i a l l y  u n i t y  p r o b a b i l i t y ,  
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- Inpu t  

Pure Pulse 
T r a i n  

Pure Pulse 
T r a i n  w i t h  
Noise 

E)_u_t_p.u t_ 

Mixed Pulses 

Mixed Pulses 

- Looking For  
c 

Time f o r  ou tpu t  = i npu t  

Deg ree o f  co r  respondence 
i n  steady s t a t e  

E f f e c t s  o f  va r i ous  
1 ~n I& I Pmax 1 I '  r i ch" -vs  - 
" lean"  s e t t i n g s  o f  
source 
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( i  i )  degree o f  correspondence between sgn Au and 

sgn Ap i n  the steady s t a t e ,  

( i  i i )  e f f e c t s  o f  va r i ous  no ise- genera to r  v o l  

l e v e l s  and PCV l e v e l s .  

4.5.3 Expected Resu l ts  

The t ime r e q u i t e d  f o r  sgn Au t o  f o l l o w  sgn Ap w i t h  a 

p r o b a b i l  i t y  o f  approx imate ly  u n i t y  can be c a l c u l a t e d  f o r  

v a r i o u s  SDD i n t e r n a l  s i g n a l - t o - n o i s e  r a t i o s .  These r e s u l t s  

a r e  e a s i e s t  t o  o b t a i n  f o r  s / n  r a t i o s  o f  1 .0  and 0 0 ,  s ince  
i n  r e a l i t y  the  p o i n t s  between these l i m i t s  d i s p l a y  the  

e f f e c t s  o f  c i r c u i t  n o n l i n e a r i t y .  Assuming t h a t  the  p 
r e g i s t e r  is  a t  one o f  i t s  l i m i t s a n d  the  sgn Qp s i g n a l  does 
n o t  c o n t a i n  no ise ,  i t  i s  e a s i l y  c a l c u l a t e d  f o r  R = a~ t h a t  

sgn Au f o l l o w s  sgn Ap i n  t h ree  c l o c k  pe r iods .  When R = 1.0, 
i t  takes s i x  c l o c k  pe r i ods ,  u s i n g  the  same assumptions. 

4.5.4 Test  Resu l ts  

Due t o  the many c o n d i t i o n s  tes ted ,  on l y  a f r a c t i o n  o f  

the  o s c i  1 loscope p i c t u r e s  can be presented. 

shows the  sgn Au response t o  a sgn Ap w i t h  an i n p u t  s /n  

r a t i o  o f  0 0 ,  w i t h  R = 00 i n  the  SDD, F i g u r e  4.14 shows 

the sgn Au response f o r  an i n p u t  s /n r a t i o  o f  0 0 ,  w i t h  R = 1.18, 
and F i g u r e  4.15 shows the sgn hu response f o r  an i n p u t  s /n 

o f  3, w i t h  R = 2.82. 
tes ted.  

F i gu re  4.13 

Table 4,2 summarizes the  c o n d i t i o n s  

Test  r e s u l t s  a r e  shown i n  F i gu re  4.16, f o r  a pure  

pu l se  t r a i n  i n p u t ,  and F igu re  4.17, which shows t he  r e s u l t s  

ob ta i ned  f o r  i npu t s  w i t h  i npu t  s i g n a l - t o - n o i s e  r a t i o s  o f  

1,2,3,4 and Q D .  
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sgn Au 

70  msec, 

F i g u r e  4 ,13 : S5D Response, R = c3, S /  

sgn Au 

F i g u r e  4,14:: SD5 Response, R = 1-78 ,  S /N  = 00 
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70 msec. 
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4.'5.5 Comparison o f  Exper imenta l  and Ca lcu la ted  Resul ts  

The ac tua l  and expected r e s u l t s  a r e  i d e n t i c a l  f o r  an 
i npu t  s i g n a l - t o - n o i s e  r a t i o  o f  m ,  us'ing R = 1 and R = 00 i n  

the  SDD. F o r - R  = 03, t h ree  c l o c k  pe r i ods  a r e  r e q u i r e  

the sgn Au ou tpu t  t o  f o l l o w  a '  ( cons tan t )  sgn Ap i npu t ,  w h i l e  
f o r  R = 1 ,  s i x  c l o c k  pe r iods  a r e  requ i red.  The t e s t s  where 

the i npu t  s i g n a l - t o - n o i s e  r a t i o  i s  less than 03 a l s o  f o l l o w  

the expected r e s u l t s ,  s ince  i n p u t  no i se  does delay proper  

i d e n t i f i c a t i o n  o f  t he  s i g n a l ;  b u t  i n  a l l  cases ( i n c l u d i n g  . 

env i ronment. 
. s / n  = 1 )  the SDD i s  a b l e  t o  f i n d  the s i g n a l  i n  the no isy  
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Table 4.2: Test Cond i t i ons  f o r  

S t a t i s t i c a l  Dec is ion  Device (SDD) 

SDD I npu t  S/N R a t i o  
R 00 4 3 2 1 

- - -  1.43 X X 

1.57 X X X 

2.14 X 

2.82 X X X 

- - -  - - -  

X - - -  co X 

X 

- - -  
X 

X 

X 

- - -  
X 

X 

x = c o n d i t i o n s  t e s t e d  
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5. CONCLUSIONS 

I t  i s  concluded t h a t :  

1. Pulse d e n s i t y  s i g n a l  t heo ry  p r o v i d e s  the  conceptual  

1 i nk  between d i g i t a l  pu l se  t r a i n s  and ana log  s i g n a l s .  Th i s  

1 i nk  has l e d  t o  development o f  a mathemati-cal model of t he  PSV, 

r e s u l t i n g  i n  s imp le  s i m u l a t i o n s  of t he  PSV s e l f - o r g a n i z i n g  

c o n t r o l  system u s i n g  c o n v e n t i o n a l ,  b u t  non l  i near ,  c o n t r o l  e l e -  

ments. 

2. The mathematica l l y  p r e d i c t e d  i n p u t - o u t p u t  behav io r  

of t he  PSV i s  i n  e x c e l l e n t  agreement w i t h  t h e  a c t u a l  b e h a v i o r  

o f  PSV hardware and computer s i m u l a t i o n  o f  the  PSV model. The 

c l o s e d- l o o p  responses o b t a i n e d  w i t h  the  s i m u l a t i o n  and t h e  ac-  

t u a l  hardware a r e  a l s o  i n  e x c e l l e n t  agreement f o r  a represen-  

t a t i v e  p l a n t .  

3.  For t he  case of s i n g l e - a x i s  c o n t r o l  i n v e s t i g a t e d ,  

the  pu l se  d e n s i t y  model s i m u l a t i o n  g e n e r a l l y  p r o v i d e s  a b e t t e r  

match w i t h  PSV hardware b e h a v i o r  than do severa l  e m p i r i c a l l y -  

d e r i v e d  models, i n c l u d i n g  a bang-bang c o n t r o l l e r  ( w i t h  and 

w i t h o u t  r e l a y  deadzone), a p r o p o r t i o n a l  c o n t r o l l e r  w i t h  1 i m i t -  
ing ,  and a v a r i a b l e  s t r u c t u r e  c o n t r o l l e r .  

4. The p resen t  s tudy  has p r o v i d e d  f u r t h e r  v e r i f i c a t i o n  

o f  the known c h a r a c t e r i s t i c s  of single-degree-of-freedom PSV 
c o n t r o l ,  i n c l u d i n g  t he  f a c t  t h a t  the  PSV system produces e s -  

s e n t i a l l y  minimum-time a c q u i s i t i o n  o f  the  phase-plane s w i t c h -  

ing  1 i ne  w i t h o u t  the  1 i r n i t  c y c l e  c h a r a c t e r i s t i c  o f  bang-bang 

near  z e r o  e r r o r ,  

i t u d e  (a lmos t  w i t h -  

which has a random 

c o n t r o l l e r s .  I n  the  1 i m i t i n g  c o n d i t i o n  o f  

the  PSV c o n t r o l l e r  e x h i b i t s  a v e r y  

i n  l i m i t s  of r e s o l u t i o n  of s i g n a l s )  

ow amp 

sea rch  
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component t h a t  tends t o  prevent  pure c y c l i c  a c t i o n .  F u r t h e r -  

more, i t  i s  n o t  necessary t o  compromise the PSV design i f  
h i g h  l e v e l s  of c o n t r o l l e r  i npu t  no ise  a r e  expected. 

. .  
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6. RECOMMENDAT I ONS 

It i s  recommended t h a t  i n v e s t i g a t i o n s  beg in  f o r  rep-  

r e s e n t a t i v e  appl  i c a t i o n s  o f  the  PSV t o  d i s t r i b u t e d - a c t u a t i o n  
( m u l t i p l e  a c t u a t o r )  s e l f - o r g a n i z i n g  c o n t r o l  systems. Th i s  

work shoul d cons i de r mu 1 t i p 1 e pe rformance assessment c r  i t e  r i a  , 
i n c l u d i n g  t he  problems o f  c o n t r o l  which min imizes e l e c t r i c a l  

power consumption. 

I t  i s  a l s o  recommended t h a t  some t h e o r e t i c a l  s t u d i e s  

con t inue ,  w i t h  the  research i nc l ud ing ,  b u t  n o t  be ing  l i m i t e d  

t o ,  i n v e s t i g a t i o n  o f  a l t e r n a t i v e  types o f  c o n d i t i o n i n g  l o g i c ,  

t h e  o b j e c t  be ing  t o  compare performance o f  va r i ous  p o s s i b l e  

dec i s i on  r u l e s  t h a t  use on-1 ine performance assessment i n f o r -  

mation. 
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APPENDIX I 

D E S C R I P T I O N  OF ADAPTRONICS,  INC. PSV C O N D I T I O N I N G  LOGIC AND 
RELATED PERFORMANCE ASSESSMENT FUNCT IONS 

The P r o b a b i l i t y  S ta te  V a r i a b l e  (PSV)  Cond i t i on ing  Log ic  

c i  r cu  i t r y  deve 1 opad by Adapt ron i cs , I nc. may be descr  i bed , 
i n  con junc t i on  w i t h  e i t h e r  Type I o r  Type I I  Performance 

Assessment (PA) c i r c u i t r y ,  as a s i g n a l  genera to r  whose o u t -  

p u t  s i g n a l  magnitude and s i g n  a r e  based on a cont inuous dynamic 

assessment o f  a c t u a l  p l a n t  performance versus des i  red p l a n t  

performance. The P S V  c o n d i t i o n i n g  l o g i c  uses a va lue  s i g -  

na l  generated by t h e  PA c i  rcu i t r y  and an i n t e r n a l  sgn Au 

feedback s i g n a l  r ep resen t i ng  the  d i r e c t i o n  o f  the  most recent  
change i n  t he  p l a n t  c o n t r o l  v a r i a b l e ,  u ( t ) ,  t o  generate the  
p l a n t  c o n t r o l  v a r i a b l e .  The c h a r a c t e r i s t i c s  o f  the p l a n t  

c o n t r o l  v a r i a b l e  thus generated a re  such as t o  d r i v e  the  , 

system toward and m a i n t a i n  a minimum ( i d e a l l y  ze ro )  system 

e r r o r  s i g n a l .  

The main f u n c t i o n s  o f  the  PSV c o n d i t i o n i n g  l o g i c  

c i r c u i t r y  a re  dep i c ted  i n  F i g u r e  1 .  The p r imary  f u n c t i o n a l  
b locks  w i t h i n  the  PSV c o n d i t i o n i n g  l o g i c  a re :  a u r e g i s t e r  
which, w i t h  i t s  assoc ia ted  c o n t r o l  l o g i c ,  d i g i t a l - t o - a n a l o g  

o u t p u t  convers ion,  and b u f f e r  ampl i f i e r ,  increments, s t o r e s ,  

conver ts ,  and b u f f e r  ampl i f  ies  the  p l a n t  c o n t r o l  v a r i a b l e ;  

a s t a t i s t i c a l  source whose random pu l se  ou tpu t  s i g n a l  w i t h  con- 
t r o l l e d  b i a s  governs the  d i r e c t i o n  i n  which the  u r e g i s t e r  i s  

incremented; a p r e g i s t e r  which, w i t h  i t s  assoc ia ted  c o n t r o l  
l o g i c  and d i g i t a l - t o - a n a l o g  output; cor lvers ion,  generates a 

v o l t a g e  which c o n t r o l s  the  b i a s  on t h e  s t a t i s t i c a l  source i n  

accordance w i t h  the  va lue  s i g n a l  generated by t he  PA c i r c u i t r y  
and w i t h  the  delayed sgn Au feedback s i g n a l ,  the  l a t t e r  

r ep resen t i ng  t he  d i r e c t i o n  o f  a recent  change i n  the  p l a n t  

l -  1 



c o n t r o l  v a r i a b l e ;  a sgn Au de lay  r e g i s t e r ;  and a t ime base 
generator  which regu la tes  t he  sequence o f  events  assoc ia ted  

w i t h  each incremental  change i n  the  p l a n t  c o n t r o l  v a r i a b l e .  

I n  summary, the  o p e r a t i o n  o f  the  PSV c o n d i t i o n i n g  l o g i c  

c i r c u i t r y  i s  such t h a t  the  p r o b a b i l i t i e s  assoc ia ted  w i t h  
a1 t e r n a t  i v e  d i  r e c t  ions o f  change i n  t he  p l a n t  c o n t r o l  v a r i a b l e  

a r e  b iased  i n  f a v o r  o f  changes which produced d e s i r a b l e  r 
as i n d i c a t e d  by the  va lue  s i g n a l  generated by t h e  PA c i r c  

The sequence o f  main events  o c c u r r i n g  d u r i n g  each p l a n t  

c o n t r o l  v a r i a b l e  update p e r i o d  i s :  ( 1 )  t he  p r e g i s t e r  i s  

incremented i n  accordance w i t h  the  v a l u e  and sgn Au feedback 

s i g n a l s ,  thus changing t he  o u t p u t  s t a t i s t i c s  o f  the s t a t i s t i c a l  

source, ( 2 )  t he  u r e g i s t e r  i s  incremented i n  accordance 

w i t h  the new p r o b a b i l i t i e s ,  and ( 3 )  t he  d i r e c t i o n  o f  the  

u r e g i s t e r  increment i s  t r a n s f e r r e d  t o  the delayed sgn Au 
feedback loop. 

The v a r i a t i o n  o f  c o n t r o l  system p r o b a b i l i t i e s ,  as ex- 

pressed by the s t a t i s t i c a l  source o u t p u t ,  is accomplished 

by the  p - r e g i s t e r  c o n t r o l  l o g i c  which generates an ADD o r  a 
SUBTRACT s i g n a l  t o  determine t h e  d i r e c t i o n  i n  which t h e  p 

r e g i s t e r  i s  incremented. The p - r e g i s t e r  c o n t r o l  l o g i c  bases 

i t s  d e c i s i o n  regard ing  a p o s i t i v e  o r  a nega t i ve  increment o f  

the  p - r e g i s t e r  con ten ts  upon an instantaneous c o r r e l a t i o n  o f  

the  va lue  s i g n a l ,  v ,  from the PA c i r c u i t r y  and t h e  de layed 

sgn Au feedback s i g n a l  r ep resen t i ng  t h a t  change i n  t he  p l a n t  

c o n t r o l  v a r i a b l e ,  u ( t ) ,  wh ich r e s u l t e d  i n  t he  t h e n - e x i s t i n g  v 

(" reward-punish" )  s i g n a l .  The n a t u r e  o f  t h i s  c o r r e l a t i o n  i s  

such t h a t  a p o s i t i v e  increment t o  the  p - r e g i s t e r  con ten ts  i s  

o rdered  i f  t he  va lue  s i g n a l  i s  p o s i t i v e  (" reward" ) and i f ,  
fur thermore,  the  de layed sgri Au feedback s i g n a l  i n d i c a t e s  

the  assoc ia ted  change i n  t he  p l a n t  c o n t r o l  v a r i a b l e  was a 

* 

Jr 
l o g i c a l  one 
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c 

p o s i t i v e  increment;  o r  i f  the  va lue  s i g n a l  i s  negative""  
(" pun ish" )  and the  delayed sgn Ou feedback s i g n a l  i n d i c a t e s  

the assoc ia ted  change i n  t he  p l a n t  c o n t r o l  v a r i a b l e  was a 

nega t i ve  increment. Conversely, a nega t i ve  increment t o  the  

p - r e g i s t e r  con ten ts  i s  o rdered  i f  the  va lue  s i g n a l  i s  p o s i t i v e  

and the  delayed sgn Bu feedback s i g n a l  i n d i c a t e s  the assoc i-  

a t e d  change i n  the  p l a n t  c o n t r o l  v a r i a b l e  was a nega t i ve  

increment,  o r  i f  t h e  va lue  s i g n a l  i s  nega t i ve  and the  delayed 

sgn Au feedback s i g n a l  i n d i c a t e s  the  assoc ia ted  change i n  

the p l a n t  c o n t r o l  v a r i a b l e  was a p o s i t i v e  increment. The 
r e s u l t a n t  A D D  o r  SUBTRACT s i g n a l s  d e l i v e r e d  t o  the  p r e g i s t e r  

may be expressed as the  Boolean f u n c t i o n s  

- -- 
A D D  = V-sgn Au U V-sgn Au 

and -- 
SUB = Vosgn Au U v * s g n  Au 

The p r e g i s t e r  c o n s i s t s  o f  an N-stage up-down coun te r  

w i t h  the  number of stages determined by the degree o f  r eso lu-  
t i o n  d e s i r e d  i n  govern ing t he  c o n t r o l  system p r o b a b i l i t i e s ;  
i .e . ,  by the  number o f  i n te rmed ia te  l e v e l s  d e s i r e d  between 

the  minimum and maximum p r o b a b i l i t i e s  t h a t  the  p l a n t  c o n t r o l  
v a r i a b l e  w i l l  chTnge by a p o s i t i v e  increment. A convenient  

r u l e  o f  thumb i n  des ign i s  t o  l i m i t  t he  number o f  stages i n  

the p r e g i s t e r  t o  one less than the number o f  stages i n  the 

u r e g i s t e r  (assuming these r e g i s t e r s  a r e  c locked  a t  approx imate ly  

the same frequency).  The p r e g i s t e r  incorpora tes  l i m i t  gates 

t o  p reven t  )'end-around" ope ra t i on .  When the  p r e g i s t e r  has 

3: * 7k 

,I- 

f: * 9: ' " l o g i c a l  ze ro  

I n  t he  Type 1507 PSV module o f  the Mark I l l  S e l f - o r g a n i z i n g  
C o n t r o l l e r ,  a th ree- s tage  (seven l e v e l )  p r e g i s t e r  i s  used. 
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been incremented t o  e i t h e r  o f  i t s  l i m i t  s t a t e s ,  i t  w i l l  
remain i n  t h a t  s t a t e  u n t i l  t he  p - r e g i s t e r  c o n t r o l  l o g i c  

reverses i t s  d i r e c t i o n a l  i n s t r u c t i o n s .  The r a t e  a t  which 

the  p r e g i s t e r  i s  incremented i s  determined by the t i m e  base 
generator .  Th is  r a t e  may be chosen t o  be g r e a t e r  than the 

r a t e  a t  which the u r e g i s t e r  i s  incremented.'' A cont inuous 

d i g i t a l - t o - a n a l o g  convers ion  i s  performed on the p - r e g i s t e r  

contents  t o  d e r i v e  t he  probabi  1 i t y - b i a s  c o n t r o l  v o l t a g e  f o r  

the  s t a t i s t i c a l  source. Th is  D/A convers ion  i s  accomplished 

v i a  a b ina ry- we igh ted  p r e c i s i o n  r e s i s t o r  summation network. 

& 

The s t a t i s t i c a l  source c o n s i s t s  of an analog random 

no ise  genera tor  w i t h  e s s e n t i a l l y  a Gaussian d i s t r i b u t i o n  o f  
ou tpu t  v o l t a g e  p r o b a b i l i t i e s ,  a t h resho ld  c i r c u i t  f o r  

comparing the ou tpu t  o f  the  no ise  genera tor  w i t h  the  analog 

s i g n a l  r ep resen t i ng  the p - r e g i s t e r  con ten ts ,  and an ou tpu t  

b u f f e r  which shapes the comparator o u t p u t  and s h i f t s  i t  t o  

the d e s i r e d  l o g i c a l  one and l o g i c a l  ze ro  l e v e l s .  The a c t i o n  

o f  the  s t a t i s t i c a l  source i s  such t h a t  when the P r e g i s t e r  

i s  a t  i t s  maximum l i m i t  the  source ou tpu t  has approx imate ly  
a 95 percent  p r o b a b i l i t y  o f  be ing  a t  the  l o g i c a l  one l e v e l ,  

when the p r e g i s t e r  i s  a t  i t s  minimum l i m i t  t he  source ou t-  
p u t  has approx imate ly  a 95 percen t  p r o b a b i l i t y  o f  be ing  a t  
the  l o g i c a l  ze ro  l e v e l ,  and when the p r e g i s t e r  i s  a t  i t s  

m idpo in t  the source has approx imate ly  a 50 pe rcen t  probab i  1 i t y  
o f  be ing  a t  e i t h e r  the  l o g i c a l  one o r  l o g i c a l  ze ro  l e v e l .  

The u - r e g i s t e r  c o n t r o l  l o g i c  determines the d i r e c t i o n  

i n  which the p l a n t  c o n t r o l  v a r i a b l e  w i l l  be changed, based 

s o l e l y  upon t he  instantaneous s t a t e  o f  t he  s t a t i s t i c a l  source 

ou tpu t  a t  the  occurrence of a sequence pu lse  from the  t ime 

base generator .  A p o s i t i v e  increment t o  t he  u - r e g i s t e r  

----- 
. .I- 
" In  the Type 1507 PSV module o f  the  Mark 1 1 1  S e l f - o r g a n i z i n g  

C o n t r o l l e r ,  i d e n t i c a l  increment r a tes  a r e  used. 
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con ten ts  i s  ordered i f  t he  s t a t i s t i c a l ' g s o u r c e  o u t p u t  is  a 

l o g i c a l  one, w h i l e  a nega t i ve  increment t o  the u - r e g i s t e r  

con ten ts  i s  ordered i f  the  s t a t i s t i c a l  source o u t p u t  i s  a 

l o g i c a l  zero. The u r e g i s t e r  c o n s i s t s  o f  an N-stage up- 

down coun te r  w i t h  t he  number o f  stages dependent upon the 

des i red  s i z e  o f  incremental  change i n  the  p l a n t  c o n t r o l  

v a r i a b l e ,  u ( t ) .  The u r e g i s t e r  incorpora tes  1 i m i t  gates 

t o  p reven t  ''end-aroun'd" opera t ion .  When the  u r e g i s t e r  

has been incremented t o  e i t h e r  o f  i t s  l i m i t  s t a t e s ,  i t  
w i l l  remain i n  t h a t  s t a t e  u n t i l  the u - r e g i s t e r  c o n t r o l  

l o g i c  reverses i t s  d i r e c t i o n a l  i n s t r u c t i o n s ,  The r a t e  a t  
which the  u r e g i s t e r  i s  incremented i s  determined by the  

t ime base generator  and i s ,  i n  theory ,  a f u n c t i o n  o f  the 
response t ime o f  the  p l a n t  be ing  c o n t r o l l e d .  A cont inuous 
d i g i t a l - t o - a n a l o g  convers ion i s  performed on the u - r e g i s t e r  

con ten ts  t o  generate t he  c o n d i t i o n i n g  l o g i c  ou tpu t  s i g n a l ,  

which i s  operated on by a b u f f e r  a m p l i f i e r  t o  o b t a i n  a 

p l a n t  c o n t r o l  s i g n a l  a t  t h e  r e q u i r e d  power l e v e l .  D / A  
convers ion i s  accomplished v i a  a b inary- we igh ted  p r e c i s i o n  
r e s i s t o r  summation network. The delayed sgn hu feedback 

s i g n a l  may be generated by t r a n s f e r r i n g  t he  u - r e g i s t e r  

c o n t r o l  l o g i c  ADD-SUBTRACT s i g n a l s  i n t o  a tapped s h i f t  

r e g i s t e r .  The amount o f  de lay i s  a f u n c t i o n  o f  the  t ap  

s e l e c t e d  by t he  user. Usua l l y ,  the p o l a r i t y  o f  the delayed 

sgn Au feedback s i g n a l  i s  chosen to  be t h a t  o f  the  l a s t  

p reced ing  change i n  the  p l a n t  c o n t r o l  v a r i a b l e ,  

k ' 

-1, .I, ,, A 

Two main types o f  performance assessment c i  r c u i  t r y  

have been developed by Adapt ron ics ,  Inc. f o r  use i n  s e l f -  

o r g a n i z i n g  c o n t r o l  systems. The main f u n c t i o n s  o f  these 

-- 
I n  the  Type 1507 PSV module o f  t he  Mark I l l  S e l f - o r g a n i z i n g  
C o n t r o l l e r ,  a f ou r - s tage  ( f i f t e e n  l e v e l )  u r e g i s t e r  i s  used. 

I n  the Type 1507 PSV module of the Mark 1 1 1  S e l f - o r g a n i z i n g  
C o n t r o l l e r ,  the  sgn Au feedback s i g n a l  i s  ob ta ined  by 
d e t e c t i n g  t h e  s lope  o f  t h e  p l a n t  c o n t r o l  v a r i a b l e .  

>k 

J- -L #, 
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two types o f  PA c i r c u i t r y  a r e  dep i c ted  i n  F igures  2 and 3. 
Both types o f  performance assessment employ a p r e d i c t e d -  

e r r o r  f u n c t i o n  t o  generate t he  va lue  s i g n a l .  However, the  

va lue  s i g n a l  generated by the  Type I P A  c i r c u i - t r y  i s  based 

on the p r e d i c t e d  e r r o r  and i t s  second d e r i v a t i v e ,  w h i l e  

the  va lue  s i g n a l  generated by the  Type I I P A  c i r c u i t r y  i s  

based on the  p r e d i c t e d  e r r o r  and a p r e d i c t e d  va lue  o f  the 

p l a n t  c o n t r o l  v a r i a b l e .  

I n  the Type I performance assessment c i  r c u i t r y ,  

F i g u r e  2, the e r r o r  s i g n a l ,  e ( t ) ,  i s  operated on, approx- 

imate ly  per  the  Laplace t r ans fo rm ( 1  + T s ) ,  t o  y i e l d  the 

p r e d i c t e d  e r r o r  s i g n a l ,  e = e ( t )  + T e ( t ) .  The second 

d e r i v a t i v e ,  e o f  the  p r e d i c t e d  e r r o r  i s  then obta ined,  P' .. 
and s i g n  i n f o r m a t i o n  i s  e x t r a c t e d  f rom b o t h  e and e 
Th is  s i g n  i n f o r m a t i o n  i s  then operated on by va lue  l o g i c  t o  

generate a v s i g n a l  o f  the  form 

.. P 

P' P 

.. 
P'  

sgn v = -sgn e * sgn  e 
P 

The Type I I  performance assessment c i r c u i t r y  a l s o  
generates a p r e d i c t e d  e r r o r  s i g n a l ,  e = e ( t )  + T e ( t ) .  But,  
the Type I 1  c i r c u i t r y  a l s o  operates on the  p l a n t  c o n t r o l  

v a r i a b l e ,  u ( t ) ,  approx imate ly  pe r  the  Laplace t r ans fo rm 

( k  + T,s), t o  o b t a i n  i t s  p r e d i c t e d  va lue ,  u = k u ( t )  + T,u(t). 

Sign i n f o r m a t i o n  i s  e x t r a c t e d  from b o t h  e P and u P' 
s i g n  i n fo rma t i on  i s  then operated on by va lue  l o g i c  t o  generate 

a v s i g n a l  o f  t he  f o r m  

P 

P 
Th is  

P' 
sgn v = sgn e *sgn  u 

P 

The Type I I performance assessment c i  r c u i  t r y  has the  advantage 

o f  be ing  l ess  s e n s i t i v e  t o  p l a n t  lags and sensor no ise ,  

because i t  e l i m i n a t e s  the second d e r i v a t i v e  o f  e b u t  the  
P '  
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.. 
Type I 1  PA r equ i r es  t h a t  p l a n t  p o l a r i t y  ( v i z ,  ae /au ) P P  
be known 2 p r i o r i ,  

I 

i Adapt ron ics ,  Inc. has a pa ten t  pending (4ppl i c a t i o n  

No. 535,551,  e n t i t l e d  " Se l f - Organ iz ing  Con t ro l  System") 

which covers t he  PSV c o n d i t i o n i n g  l o g i c  and bo th  types o f  
performance assessment d iscussed here. 

I 

1-7 
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APPENDIX  I I  

THEORY OF PULSE D E N S I T Y  CODES AND 
OPERATIONS ON PULSE D E N S I T Y  S I G N A L S  

b y  

Lewey 0 .  Gilstrap, J r .  
ADAPTRON I CS, I NC . 



1 .  I NT R O D U C T  I ON 

Pulse density signals are pulse trains that encode 
analog signals as the density or number o f  pulses per unit 
time o f  a train o f  pulses. Mathematically, encodings of this 
type are forms of numbers to the base or radix 1 .  

The objective in studying pulse density signals i s  to 
relate the density o f  the signal to the logic gates, counters, 
a'nd other elements of the logic circuitry used to transmit and 
operate on the signals. With these relationships established, 
it is a relatively simple matter to analyze the behavior of 
such devices as the P S V  unit o f  a self-organizing controller 
or to obtain approximations to the P S V  behavior in new applica- 
t ions. 



2 .  PARAMETERS OF PULSE T R A I N S  

2 . 1  - Basic  D e f i n i t i o n s  

S ing le , rec tangu la r  pu lses  have pu l se  w id th ,  pu l se  h e i g h t ,  

r i s e  t ime ,  and f a l l  t ime as t he  b a s i c  parameters o f  i n t e r e s t .  

To s i m p l i f y  the a n a l y s i s  o f  pu l se  t r a i n s ,  we w i l l  assume t h a t  

a l l  pu l ses  have u n i t  h e i g h t  and ze ro  r i s e  and f a l l  t imes.  A l -  
though t h i s  i d e a l i z e d  pu l se  cannot be mechanized, we can approach 

i,t t o  a s a t i s f a c t o r y  degree. 

The fundamental parameters o f  pu l se  t r a i n s  a r e  

f 7-- pu l se  r e p e t i t i o n  r a t e  ( o r  f requency) 

T = pu l se  w i d t h  o f  an i n d i v i d u a l  pu l se .  

J u s t  as fundamental, b u t  n o t  an i nhe ren t  parameter o f  a pu lse  
t r a i n  i s  t h e  p e r i o d  o f  t ime over  which we observe a pu l se  t r a i n  

t o  determine f .  For a pu l se  t r a i n  w i t h  cons tan t  f and T ,  t he  

observa t ion  p e r i o d  i s  a r b i t r a r y ,  except  t h a t  i t  should  be an i n -  
t e g r a l  m u l t i p l e  o f  -f' f o r  accu ra te  de te rmina t ion  o f  f .  However, 

i f  f i s  changing as a f u n c t i o n  o f  t ime ,  we should s e l e c t  an ob- 

s e r v a t i o n  i n t e r v a l  t h a t  i s  long enough t o  p e r m i t  us t o  count a 

s u f f i c i e n t  number o f  pu lses  t o  ge t  f a c c u r a t e l y  b u t  n o t  so long  
t h a t  f has changed app rec iab l y  i n  the coun t ing  i n t e r v a l .  De- 

pending on the c i rcumstances o f  the a p p l i c a t i o n ,  the observa t ion  

i n t e r v a l  may be $ e i t h e r  a design parameter o f  a p u l s e  system o r  

an environmental  parameter f i x e d  by the a p p l i c a t i o n .  Th i s  p o i n t  

w i l l  be d iscussed f u r t h e r  i n  t he  s e c t i o n  on encoding and decoding 

v a r i a b l e s .  

1 

We d e f i n e  

T observa t ion  i n t e r v a l  

1 
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from whicl i  wci (jet the number, n ,  o f  pu l ses  o c c u r r i n g  d u r i n g  T 

11111 5 t bc 

I 1  I T  ................................ 2 : l  

and, o b v i o u s l y  

n 
T f = -  ............................... 2 : 2  

We f u r t h e r  assume t h a t  p h y s i c a l  dev ices f o r  r e a l i z i n g  pu l se  

t r a i n s  a l l  have a p r a c t i c a l  maximum frequency,  fm, t h a t  they I 

pu lses  t h a t  can be observed i n  any g iven  obse rva t i on  i n t e r v a l :  

can produce. Th i s  assumption imp l i es  a maximum number, nm, o f  

n = f T  ............................... 2 :3  m m 

D i v i d i n g  Equat ion 2 : l  b y  Equat ion 2 : 3 ,  we g e t  

Th is  r a t i o ,  which i s  t he  norma l i zed  p u l s e  r e p e t i t i o n  f requency 

averaged over  t he  obse rva t i on  i n t e r v a l ,  i s  termed t he  abso lu te  

p u l s e  d e n s i t y  o f c p u l s e  t r a i n .  Since t h i s  r a t i o  i s  a parameter 

o f  any s i g n a l  composed o f  pu l ses ,  we w i l l  use f u n c t i o n a l  n o t a t i o n  

t o  i n d i c a t e  the  ope ra t i ons  r e q u i r e d  t o  determine t h i s  r a t i o .  I t  

w i l l  be denoted by X (  ) i n  t l l i s  paper. Thus, i f  x i s  a pu l se  
s i g n a l ,  then X(x )  i s  t he  abso lu te  pu l se  d e n s i t y  o f  t he  s i g n a l  x .  

I f  x1 and Xa a r e  two d i f f e r e n t  s i g n a l s ,  then X(x,) and X(x2) 

a r e  t h e i r  r espec t i ve  abso lu te  pu l se  d e n s i t i e s .  When no amb igu i t y  

can a r i s e ,  we w i l l  drop t he  f u n c t i o n a l  n o t a t i o n  and s u b s c r i p t  

X f o r  b r e v i t y ' s  sake. Thus, 

X Z  = x ( x 2 )  

and so on. 
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From the abso lu te  pu l se  d e n s i t y ,  we c je t  Y ,  t he  r e l a t i v e  

p u l s e  dens i ty .  of g p u l s e  t r a i n :  

I t can be observed t h a t  X must va ry  between 0 and 1 ,  w h i l e  Y 
v a r i e s  between - 1  and +l. Hence, the  r e l a t i v e  p u l s e  d e n s i t y  
cou ld  be used as a means f o r  encoding s u i t a b l y  norma l i zed  ana log 

s i g n a l s .  When no amb igu i t y  can a r i s e ,  X o r  Y w i l l  be r e f e r r e d  

t o  as p u l s e  d e n s i t i e s .  

L e t t i n g  x ( t )  be a s i g n a l  c o n s i s t i n g  s o l e l y  o f  pu l ses ,  

where 

1 i f  a pu l se  i s  p resen t  

x ( t )  = { 0 o therw ise  

we can d e f i n e  o t h e r  parameters o f  a pu l se  t r a i n .  L e t  

t 

W = T 1 x ( t ) d t  ... . . . . , . . . . . . . . . . . . . . . . . . . . . . . . .2:6 
0 

We w i l l  d e f i n e  W as t he  abso lu te  du ty  c y c l e  o f  5 pu l se  t r a i n  av- 
erased over  the  p e r i o d ,  T .  Fo l l ow ing  t he  procedure f o r  p u l s e  

d e n s i t y ,  we a l s o  de f ine  t he  r e l a t i v e  du t y  c y c l e  o f  % p u l s e  t r a i n  

and denote i t  by Z [ x ( t ) l  o r  Z ( x ) ,  i f  the dependence o f  x on t i s  

understood.  The r e l a t i v e  du t y  c y c l e  i s  

z = 2 w - 1  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2: 7 

We can now r e l a t e  these parameters o f  pu l se  t r a i n s  t o  one 

ano ther .  Since W i s  the  du ty  c y c l e  o f  a pu l se  t r a i n ,  we have, 

f o r  cons tan t  o r  average pu l se  w i d t h ,  7 ,  

n 

T 7 = X f m 7  . . . . . . . . . . . . . . . . , . . . . .2:8 w = n l -  n 
T n  

- - a -  

m 
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Since wci tinvci esiabl ished t he  r e l a t i o n s h i p s  o f  abso lu te  t o  r e l -  

a t i v e  p u i s c  d e n s i t y  and abso lu te  t o  r e l a t i v e  du t y  c y c l e ,  then 

Equat ion 2 :8 ,  which r e l a t e s  abso lu te  p u l s e  d e n s i t y  t o  abso lu te  

duty  c y c l e  completes t he  l i n k s .  
. 

Summarizing, we have 

f = pu l se  r e p e t i t i o n  f requency 

T - pu l se  w i d t h  

T obse rva t i on  i n t e r v a l  

n = f T  the  number of pu lses  i n  an obse rva t i on  i n t e r v a l  

X = the a b s o l u t e  p u l s e  d e n s i t y  

Y 3 t he  r e l a t i v e  pu l se  d e n s i t y  

W 5 t he  a b s o l u t e  du t y  c y c l e  

Z - t he  r e l a t i v e  du t y  c y c l e  

We a1 s o  have 

X = - = - - - - - - . L -  Y + l  w z+ 1 
2 fmT 2fm7 . . . . . . . . . . . . . . . . . . . . . . 2 :  g 

1 2 :  10 y = 2 x - 1 = - - 1 = - -  2w z+ 1 .................... 
fmT fmT 

....................2: 1 1  

z = 2Xfm? - 1 = (Y+ l ) f ,T  = 2w - 1 ............... 2:12 

where 



maximum pu l se  r e p e t i t i o n  f requency a t t a i n a b l e  in ' 

t he  system 
fm 

E maximum number o f  pu lses  t h a t  can be observed "rn 
d u r i n g  an obse rva t i on  i n t e r v a l .  

2.2 Two Maior  Types o f  Pulse T r a i n  Modula t ion 

By h o l d i n g  e i t h e r  I- o r  f f i x e d ,  we can o b t a i n  the t w o  

major  t ypes  o f  p u l s e  t r a i n s  ( w i t h o u t  decoding r e s e t ) .  These t w o  

types o f  s i g n a l s  a r e  termed, r e s p e c t i v e l y ,  p u l s e  d e n s i t y  modulated 

s i q n a l s  and p u l s e  w i d t h  modula t ion s i q n a l s .  I f  

f = - 5  - 1 + g ( t )  and 'i = const .  ................ 2:13 
7 

then 

Y = 2 7 g ( t ) ,  z = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 :  14 

Th i s  i s  c l e a r l y  a m a t t e r  o f  modu la t ing  the  pu l se  dens i t y .  I f  

2:15 1 r = . S i  + g ( t )  and f = const .  ................ 

then 

z = 2 f g ( t ) ,  Y = 0 .. . . . . . . . . . . . . . . . . . . . . . . . .2:16 

Th i s  i s  pu l se  w i d t h  modu la t ion .  



2 . 3  -- E x t r a c t i n t i  Pulse T ra in  Pat-ariieter Values 

2.3.1 Corit inuous and Reset Decoding 

As no ted  above, t he  pu l se  r e p e t i t i o n  r a t e  i n  a pu l se  t r a i n  

can be a c a r r i e r  o f  i n fo rma t i on .  To "decode" o r  demodulate t he  

d e n s i t y  o f  a pu l se  t r a i n  r equ i res  t h a t  t he  number o f  pu l ses  p e r  

u n i t  o f  t ime be determined.  Whi le  a coun t i ng  procedure u s i n g  a 

rese t  t o  ze ro  a t  the  end o f  each coun t i ng  i n t e r v a l  can be used 
t o  o b t a i n  the number o f  pu lses  p c r  u n i t  t ime ,  i t  i s  sometimes'de- 

s i r a b l e  t o  have a cont inuous decoding method. A l a g  f i l t e r  w i l l  
p r o v i d e  a cont inuous measure p r o p o r t i o n a l  t o  the number o f  pu lses  

i n  a t r a i n  o f  u n i f o r m  shaped pu l ses ,  p rov ided  t h a t  t he  number o f  

pu lses  pe r  u n i t  t ime i s  n o t  changing r a p i d l y  w i t h  respect  t o  the 

f i l t e r  t ime cons tan t .  The l a g  f i l t e r  i s  cor .venient  as  a decoder 

i n  ano ther  way: f o r  t he  case o f  s l o w l y  v a r y i n g  pu l se  d e n s i t y ,  

the  l a g  f i l t e r  w i t h  t ime cons tan t ,  T ,  g i v e s  the  same p u l s e  d e n s i t y  

measure as does the  coun t i ng  process c a r r i e d  o u t  over  a t ime i n -  

t e r v a l  equal t o  the cons tan t ,  T ,  o f  t he  f i l t e r .  

S t r i c t l y  speaking,  the  l a g  f i l t e r  does n o t  so much "decode" 

a pu l se  d e n s i t y  coded s i g n a l  as i t  does t rans fo rm the  p u l s e  s i g -  

n a l  i n t o  an ana log s i g n a l ,  L i kew ise ,  a coun te r  conver ts  the 

d e n s i t y  i n t o  a b i n a r y  ( o r  o t h e r )  coded number. I n  t r a n s m i t t i n g  

i n fo rma t i on  from one p o i n t  t o  ano ther  i t  i s  always necessary t o  

employ a c a r r i e r  o f  some k i nd .  I n  t h i s  r e p o r t  we a r e  p r i m a r i l y  

concerned w i t h  c a r r i e r s  i n  t he  f o r m  o f  p u l s e  t r a i n s  and w i t h  the  

process o f  recover ing  the  i n fo rma t i on  con ta ined  i n  some parameter 

o f  the  p u l s e  t r a i n .  I n  genera l ,  p h y s i c a l  dev ices opera te  on an-  

a l o g  s i g n a l s ,  so we have i n v e s t i g a t e d  t he  severa l  decoding pos-  

s i b i l i t i e s .  From an a b s t r a c t  p o i n t  o f  v iew,  i t  i s  j u s t  as rea-  

sonable t o  be concerned w i t h  t r ans fo rm ing  ana log s i g n a l s  or 

b i n a r y  coded d i g i t a l  s i g n a l s  i n t o  pu l se  d e n s i t y  s i g n a l s ,  and 

some o f  these t r ans fo rma t i ons  w i l l  be no ted  i n  l a t e r  sec t i ons  o f  

t h  i s  append i x .  
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We \ ha l l  d i s t i n g u i s h  between t h e  two decoding methods b y  

i-eferi-irtg 1-0 l l ier~i  CIS "count. i i i y  w i  t l i  i-esei" 411d "con t incrous". 
The cmii I i t r ! j  w i  t l i  r e s e t  a1 lows us to decode < I  pu 1 !,e nuriiber code 
a s  w e l l  C I C ,  c7 pulse dens i ty  code. The pulse number code is  s i m p l y  
t ha t  i n  which a magnitude o f  i n t e r e s t  i s  d i r e c t l y  encoded a s  a 
number of pulses .  For example, the number 119 could be encoded 
b y  a t r a i n  o f  p u l s e s  containing exac t ly  119 p u l s e s .  A unary 
p u l s e  number code of t h e  above type would be properly decoded 
b y  a count ing-with- reset  decoder f o r  i t s  s i n g u l a r  occurrence,  
assuming proper synchronism of  the p u l s e  t r a i n  and decoder. Hence, 
a. unary pulse number code can b e  made in to  a pulse dens i ty  code 
b y  allowing a f ixed  amount of time t o  s e n d  a number and r e s t a r t -  
i n g  the number a t  the beginning of each successive time i n t e r v a l .  
These codes have a f ixed number which is the l a r g e s t  t h a t  can b e  
so t ransmi t ted ;  t h i s  l a rges t  number is  equal t o  the maximum s y s -  
tem transmission r a t e  m u l t i p l i e d  b y  t h e  a l l o t t e d  transmission 
i n  te rva 1 . 

Pulse dens i ty  codes based on unary pulse codes a r e  gener-  
a l l y  clocked and a r e  therefore  usual ly  c o r r e l a t e d .  Repet i t ive  
number codes can be operated on b y  appropr ia t e  a lgori thms t o  ob- 
t a in  a r i t h m e t i c  opera t ions ,  and ,  i n  f a c t ,  the d i g i t a l  d i f f e r e n -  
t i a l  ana lyzer  uses these codes t o  g r e a t  advantage. However, we 
a r e  in te res ted  i n  t h i s  s t u d y  pr imar i ly  i n  uncorrelated pulse 
dens i ty  s i g n a l s  and do not plan t o  pursue the pulse number codes. 

2 . 3 . 2  Analog and Digi tal  Decoding 

As discussed above, decoding pulse dens i ty  s i g n a l s  can 
be accomplished u s i n g  e i t h e r  d i g i t a l  counters  o r  f i l t e r s .  

I f  a counter  of s u f f i c i e n t  capaci ty  t o  contain the number 

" r i i  
then the  contents  of the counter a t  t h e  end of t h a t  t i m e  m u s t  be 

i s  driven b y  a pulse  dens i ty  s ignal  f o r  a period of t ime, T ,  
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1 1 .  .K t i ow i i I ! j  I I  , thci i  the ab5o lu te  p u l s e  d e n s i t y  can b e  r e a d i l y  

dt .~tcr i i i i t i~1d.  I I  ttxi cout i tc~r  i s  w s c t  a t  Lhe t . r i c l  o l  cac : I i  T ill- 

tervr71 0 1  t i i l i e ,  t l ic i i  t t ie r e g i s t e r  con ten ts  a r c  t l ,  b u t  i f  the 
counter  cont inues  t o  run,  the  r e g i s t e r  c o n t e n t s  a t  t ime,  t ,  

must be 

I l l  

As a v a r i a t i o n  on coun t ing ,  suppose we sample the incoming p u l s e  

t r a i n  a t  a f requency fc < f ,  increment ing  the  counter  i f  there  

i s  a pu lse  p resen t  and decrement ing t h e  counter  i n  the  absence 

o f  a p u l s e .  The number o f  "ones" seen by t h e  sampl ing dev ice  

must be p r o p o r t i o n a l  t o  the  d u t y  c y c l e ,  W ,  o f  the p u l s e  t r a i n ,  

and, d u r i n g  the  i n t e r v a l  T ,  we must have 

no. o f  samples = f c T  

no. o f  "ones" i n  sample = W f c T  

no. o f  " zeros"  i n  sample = ( I  - W)f T 
C 

There fore ,  counter  con ten ts  = f c T Z  . 
t o  run and Z v a r i e s ,  then the  counter  con ten ts  w i l l  approximate 

I f  t h e  coun te r  con t inues  

Decoding w i t h  a l a g  f i l t e r ,  whose Laplace t r a n s f o r m  i s  

G 
1 +Ts 

produces much t h e  same r e s u l t  as decoding w i t h  counters .  I f  the 

"one" l e v e l  o f  a p u l s e  code i s  s e t  t o  +V v o l t s  and the "zero"  

l e v e l  s e t  t o  0 v o l t s ,  then the f i l t e r  o u t p u t  w i l l  be WV,  p r o -  

v i d e d  t h a t  W i s  n o t  changing r a p i d l y  compared t o  T .  I f  the  "one" 



i s  s e t  t o  - t V  v o l t s  and t h e  " zero"  s e t  t o  - V  v o l t s ,  t hen  t h e  f i l -  

t e r  o u t p u t  w i l l  b e  Z V ,  aga in ,  p r o v i d e d  Z i s  not v a r y i n g  r a p i d l y  

w i t h  respec t  t o  T .  

2 .3 .3  V a r i a t i o n  o f  Decoding Frequency 

1 
T I f  a square wave o f  d u t y  c y c l e  W and f requency f << - i s  

f e d  t o  a decoder,  v e r y  l i t t l e  change i n  t h e  waveform i s  no ted  ex-  

cept  f o r  a round ing  o f  t h e  co rne rs .  As fa = - i s  g r a d u a l l y  r e -  

duced, a d e f i n i t e  f i l t e r i n g  a c t i o n  becomes n o t i c e a b l e .  The 

square wave becomes more n e a r l y  a rounded sawtooth wh ich  v a r i e s  

between two v o l t a g e  l e v e l s  wh ich  l i e  between t h e  " zero"  and "one" 

v o l t a g e  l e v e l  o f  t h e  square wave. F i n a l l y ,  when f, << f ,  f be- 

comes decoded and appears as a d . ~ .  l e v e l  which i s  d i r e c t l y  p r o -  

p o r t i o n a l  t o  d u t y  c y c l e ,  w .  A t  t h e  p o i n t  o f  e q u a l i t y ,  f = f,, 
t h e  square wave has some o f  t h e  c h a r a c t e r i s t i c s  o f  a p u l s e  d e n s i t y  

code. 

1 
T 

I n  genera l ,  we shou ld  des ign  p u l s e  d e n s i t y  c i r c u i t s  such 

t h a t  f >> f, t o  a v o i d  i n a p p r o p r i a t e  decoder response. However, 

i t  i s  n o t  always p o s s i b l e  t o  do t h i s .  I n  dynamic problem e n v i r o n -  

ments, i t  sometimes happens t h a t  t h e  environment response t ime  

c o n s t i t u t e s  a n a t u r a l  decoding. Th i s  i s  indeed t h e  case i n  t h e  

Adap t ron i cs  s e l f - o r g a n i z i n g  c o n t r o l l e r  (Ref .  1 > .  I f  t h e  e n v i r o n -  

ment i s  t o  "decode" ouputs ,  i t  can happen t h a t  c o n d i t i o n s  w i  1 1  
a r i s e  t h a t  cor respond t o  the  ambiguous s i t u a t i o n  i s  wh ich  f = fa  

o r  t o  t h e  o t h e r  complex case i n  which f >> f,, b u t  t h e  d u t y  c y c l e  

i t s e l f  i s  changing a t  a r a t e  c l o s e  t o  f a .  Whi le  these cases 

shou ld  be avoided,  i t  may n o t  always be p o s s i b l e ,  and s t u d i e s  o f  

these c o n d i t i o n s  a r e  p lanned i n  f u t u r e  work.  

2.4 U n c o r r e l a t e d  S i g n a l s  

The a b s o l u t e  d u t y  c y c l e  o f  a p u l s e  t r a i n  can be f o r m a l l y  
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cquated I C )  ~ I i e  p r o b a b i l i t y  t h a t  t h e r e  w i l l  be a p u l s e  a t  a g i v e n  

saniplc- t i i i i c > , \ i i i c c l  i t  s a t i s f i e s  tlic f requency d c I ' i n i t i o n  of a p roh -  
a l l i l i t y .  U : 8 i r i y  ( t i i s  i i i t e r p r e t a t i u n ,  we can a s k  what l l i e  p r -obab i l -  

i c y  i s  t h a t  two d i s t i n c t  s i g n a l s  w i l l  be a t  t h e  "one" l e v e l  a t  

a g i v e n  i n s t a n t .  Thus, i f  we have s i g n a l s ,  x1 and x,, we know 

from the  d e f i n i t i o n  o f  c o n d i t i o n a l  p r o b a b i l i t i e s  t h a t  

P(X, ' X Z  = P(X1 1x2 >p(x, . . . . . . . . . . . . . . . .  2:17 

= P(X2 1x1 )Phi 1 ................ 2:18 

We now d e f i n e  two p u l s e  d e n s i t y  s i g n a l s :  x1 and x,, t o  be uncor- 
r e l a t e d  i f  

I 

................ 2 :19  

P ( X 2 l X l  1 = P h ,  1 . . . . . . . . . . . . . . . .  2 :20  

S ince an "AND" ga te  has an o u t p u t  when and o n l y  when b o t h  

i npu t s  a r e  a t  the  l'one'l l e v e l ,  we see t h a t  i f  

y = x, 'X, . . . . . . . . . . . . . . . .  2 :21  

then 

p ( y >  = p(x, lxa )p(x, ) = p(x, )p(xz ) . . .............. 2:22 
, 

Hence, f o r  an "AND" g a t e  

o r  

. . . . . . . . . . . . . . . .  2 : 2 3  

............... 2:24  

1 1 - 1 1  
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. l o  be p r e c i s e ,  Equa t ion  2 : 2 4  ho lds  f o r  a l l  p a i r s  o f  s i g -  
1 
T 

na l s  t l i a L  arc' u n c o r r e l a t e d  a t  f requenc ies  below -. Th is  inclcidcs 
s i g n a l \ ,  .,trch as those f r o n i  s t a t i s t i c a l  scwrcvs, which a r c  c t r i -  

cor.1-elatc>cl d t  a1 1 f requencies ( s t r i c t l y  u n c o r r e l a t e d )  as w e l l  as 
those wh ich  a r e  c o r r e l a t e d  a t  f requenc ies  above -. 1 

T 

We can a l s o  no te  t h a t  sampl ing o f  t he  complement o r  l o g i c a l  
i nverse  o f  a g i ven  p u l s e  d e n s i t y  s i g n a l  can a l s o  be expressed i n  
p r o b a b i l i t y  terms: 

p ( x )  = 1 - p ( x )  = 1 - w  . . . . . . . . . . . . . . . . 2.: 25 

With t he  i n t e r s e c t i o n  and complementat ion ope ra t i ons ,  i t  i s  pos- 

s i b l e  t o  o b t a i n  any a r b i t r a r y  Boolean f u n c t i o n  and, correspond-  

i n g l y ,  we can o b t a i n  t he  parameters o f  p u l s e  t r a i n s  t h a t  a r e  ob- 

t a i n e d  by l o g i c  g a t i n g  o f  m u l t i p l e  s i g n a l s .  

A measure o f  c a u t i o n  i s  necessary i n  computing t he  para-  

meters o f  pu l se  t r a i n s  ob ta ined  f rom gates.  In te rmed ia te  s i g n a l s  

fed  i n t o  a gate  w i l l  be c o r r e l a t e d  i f  t hey  c o n t a i n  a common term 

d e r i v e d  f rom a common s i g n a l .  For example, cons ider  t he  case o f  

two s i g n a l s ,  x, and x,, f e d  i n t o  an "AND" gate .  The o u t p u t  o f  t h e  

"AND" ga te  i s  c o r r e l a t e d  w i t h  b o t h  x1 and x,. I f  t he  p roduc t  

term, x1x2, i s  f ed  t o  an "AND" gate  w i t h  e i t h e r  x, o r  x,,the o u t -  

p u t  o f  t h e  second ''AND" ga te  i s  x,x,, and t he  abso lu te  d u t y  c y c l e  

o f  t h e  second "AND" ga te  i s  t h e  same as t h e  f i r s t .  I f  t he  p roduc t  

s i g n a l  were u n c o r r e l a t e d  w i t h  i t s  two c o n s t i t u e n t  terms, we would 

ge t  xlax, o r  x,x," as t he  "AND" ga te  o u t p u t ,  whereas, i n  fact ,we 

ge t  x, x2 . 
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3 .  ' O P E R A T I O N S  O N  PULSE D E N S I T Y  S I G N A L S  

Thc t i  I t i i i iatti u t  i I i t y  o f  pu 15e dens i t y  CJ i yira 1 s depc-lids on 

whether- we can opera te  on the  va r i ous  parameters o f  a g i ven  s i g n a l  

and on whether we can combine two pu l se  d e n s i t y  s i g n a l s  t o  produce 

a t h i r d  s i g n a l  whose parameters a r e  a s p e c i f i c  mathemat ical  func-  

t i o n  o f  t he  cor responding parameters o f  t he  t w o  g i v e n  s i g n a l s ,  
With  methods o f  pe r fo rm ing  a d d i t i o n ,  s u b t r a c t i o n ,  m u l t i p l i c a t i o n ,  

d i v i s i o n ,  i n t e g r a t i o n ,  d i f f e r e n t i a t i o n ,  and s i g n  t e s t i n g ,  i t  should  

be p o s s i b l e  t o  per fo rm i n  p u l s e  d e n s i t y  any c a l c u l a t i o n  t h a t  can be 

per'formed w i t h  an ana log computer. O f  course,  the d e s i r a b i l i t y  o f  

pe r fo rming  ana log computat ions w i t h  pu l se  d e n s i t y  s i g n a l s  would de- 

pend on such f a c t o r s  as a t t a i n a b l e  p r e c i s i o n  and r e l a t i v e  cos t s .  

These o t h e r  f a c t o r s  w i l l  n o t  be d iscussed here.  

3 . 1  Ga t inq  Loq ic  

Assuming u n c o r r e l a t e d  s i g n a l s ,  we can compute the o u t p u t  o f  

va r ious  l o g i c  gates u s i n g  t he  formulas for  i n t e r s e c t i o n  and comple- 

menta t ion  which were developed i n  Sec t ion  2 .4  and de Morgan's law. 

We have compi led i n  Table 1 t h e  r e s u l t s  o f  feed ing  two pu l se  dens i -  
t y  s i g n a l s  i n t o  a l l  16 o f  t he  p o s s i b l e  types o f  two- inpu t  gates .  

These gates correspond t o  t he  16 p o s s i b l e  Boolean f u n c t i o n s  o f  two 

v a r i a b l e s .  Resu l t s  a re  shown o n l y  f o r  t he  two du t y  c y c l e  param- 

e t e r s .  Pulse d e n s i t i e s  cor responding t o  these can be ob ta ined  u s i n g  

formulas 2:g and 2 : l O .  For Table 1 ,  we have assumed t h a t  s i g n a l  xl 
i s  'Fed t o  t he  2 s i d e  o f  t he  gates and s i g n a l  xg i s  f e d  t o  t he  s i d e  

o f  t he  gates.  The l e f t  hand column o f  t he  t a b l e  i s  the  equ i va len t  

b i n a r y  s t a t e  vec to r ,  S = ( s l l ,  s lo  , so l  , s o 0 ) ,  ob ta ined  by expand- 

i n g  the  Boolean f u n c t i o n a l  s .  x l ' x 2 j  accord ing  t o  t he  convent ion 

e s t a b l i s h e d  e a r l i e r  by Gi I s t r a p  (Ref .  2 ) .  The second column g i ves  

the g a t i n g  f u n c t i o n  i n  f a m i l i a r  Boolean n o t a t i o n .  

I 

4 
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Tab le  1 .  Pulse D e n s i t y  Code S igna l  M i x i n g  Produced by Two-Input 

Gat i i ~ g  Log ic  

Binary  Log ic  Ga t ing  

S t a t e  Log ic  

Output of Gates 

S = b ,  ,s2 9 s i j a i b j  W-  pa rame t e  r Z- pa rame t e  r 

53 , s , l  

0000 4 0 - 1  

- 
000 1 a b  1 -w, -w2 +w, w2 3 (Z, z, -z, -z, - 1  ) 

0010 ab w2 'Wl w2 p (-z, z, -z, +z2 - 1  ) 
- 1 

001 1 

01 00 

01 01 

0110 

0111 

1000 

1001 

1010 

1011 

1100 

1101 

1110 

1 1 1 1  

- 
a 

a 5  

b 
- 

ab 

ab u ab 
b 

a 

a ~ b  

1 

1 -w, 
w1 -w1 w2 

1 -w2 
w, +w2 - 2w1 w, 

1 -w, w2 
w, w2 

2w, w2 -w, -w, +l  

w2 

1 'W, +w, w, 

W 1  

1 -w, +w, w2 
w, +w, -w, w, 

1 

-z, 
3 (-ZIZ,+Z, - Z , - l )  

- z2 

-z, z.2 
3 ( -  z, z, - z, - zz +1 ) 

3 (Z, z, +z, +z2 - 1 ) 

z, z2 
z2 

$ (Z, z, -z, +z, +1 ) 

$ (L, z, +z, - z, +1 ) 

3 ( -  z, z, +z, +z, +1 ) 

+l 
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T1it.t ( 5  i:> d imple arid very  u5efu1 gcnc i  I i z a t  i o n  of' t t ic  log-  
i c  g a t i n g  t h a t  was developed above. The s t a t e  vec to r  above was as-  

sumed t o  be a cons tan t ,  b i n a r y  number. I f  we take a comple te ly  

genera l ,  programmable two- i npu t  g a t i n g  l o g i c  and in t roduce  f o u r  

independent pu l se  d e n s i t y  s i g n a l s  i ns tead  o f  t he  f o u r  cons tan ts  f o r  

t he  s t a t e  v e c t o r ,  then we can o b t a i n  a l a rge  f a m i l y  o f  a l g e b r a i c  

func t ions  o f  t h e  pu l se  w i d t h  parameters. 

Thus, f o r  the  g a t i n g  shown i n  F igure  1 , we see t h a t  

w, = s ,  w, w, + s,w, (1-W,)  + s3 ( l - W 1  )W, + S , ( l -W,  ) ( 1 - W 2 )  

= ( S I  - s ,  -s;q +SL )W, w, + (sa  -sq )W, + ( s 3  -sq )W, + sq . . . 3 :  1 

L e t t i n g  

s ,  = A, 

S ,  - S ,  = A, 

s3 - S,  = A, 

I 

s ,  + s, + s,  + S, = A3 

we o b t a i n  

W, = A, + A, W, + A2 W, + A3 W, W2 . . . . . . . . . . . . . . . . .  3 : 2  

S i m i l a r l y ,  f o r  t he  Z-parameter o f  t h e  two i npu t  s i g n a l s ,  

we o b t a i n  
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( a )  Log ic  Diagram 

s 3 = h  , s 2  753 > S 4 )  

( b )  Block  Diagram N o t a t i o n  f o r  

F igure  1 .  Non l i nea r  S igna l  M ixer  Gat ing 



= ;'r p - s l  +si. +s, - 5 *  )z, z, + ( s ,  +s, -s3 - 5 4  >Zl -i- 

( s ,  - S a  +s3 - sg  ) z, - ( s, +sa +s3 +s4 )I . . . . . . . - - * * ' 3 : 3 

L e t t i n g  

a, = - q ( s ,  1 +s2 +s3 +s, ) 

a, = $ ( s ,  SS, - s s - s 4  ) 

a, = +(s, - s ,  +s3 - s 4 )  

= f( - s ~  +s, +sS - s 4  ) a3 

we o b t a i n  

Z3 = a, + a, Z, -I- a, Z, + a3 Z, Z, . . . . . . . . . . . . . . . . .  3:4  

Thus, we can observe t h a t  t h e  ope ra t i ons  necessary fo r  non- 
l i n e a r  s i g n a l  m i x i n g  a re  ob ta ined  d i r e c t l y  f r o m  the g a t i n g  l o g i c  
t h a t  was r e f e r r e d  t o  i n  an e a r l i e r  r e p o r t  as " the  Neurot ron Main 

Log ic  Gat ing" ,  w i t h  t he  p r o v i s o  t h a t  a l l  v a r i a b l e s  l i e  i n  t h e  - 1  
t o  +1 range. (Ref.  1 )  

3.3 Coun t e  r s 

A counter  can be used t o  count  o r  i n t e g r a t e  pu lses i n  a 

pu l se  t r a i n .  There a r e  severa l  ways t o  employ counters  i n  t h i s  

capac i t y :  

1 .  The pu lses i n  the  s i g n a l  can be f e d  d i  r e c t  l y  t o  a 

coun te r  which can be s e t  e i t h e r  t o  

a.  run  con t  i nuous 1 y, i ncrement i ng t he  coun te r  by 

one fo r  each occurrence o f  a pu lse ,  o r  
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1s .  bci r e s e t  a t  the  end o f  each o b s e r v a t i o n  i n t e r v a l ,  T: 
2 .  t l i e  p u l s e s  can be sampled d u r i n g  ari i r i t c r v a l  o f  t iiiic 

tliat i b  very shor t  i n  comparison t o  t he  niiiiiiiiuin expected 

p u l s e  w i d t h ;  t he  counter  may then be: 

a .  run  con t inuous ly ,  increment ing the  counter  w i t h  

each j o i n t  occurrence o f  a c l o c k  pu lse  and a s i g n a l  

pu l se .  

b .  incremented a t  each c l o c k  p u l s e  i f  the  s i g n a l  

l e v e l  i s  "one" and decremented i f  the  s i g n a l  l e v e l  

i s  zero" .  I I  

The above methods o f  u s i n g  counters t o  count o r  i n t e g r a t e  

pu lses  have v a r y i n g  counter  con ten ts  as a f u n c t i o n  o f  t ime.  

Since the  maximum number o f  pu lses  t h a t  can be seen i n  an ob- 
s e r v a t i o n  i n t e r v a l  i s  nm (by p rev ious  assumpt ion) ,  we can normal-  

i z e  the  counter  con ten ts  t o  o b t a i n  a q u a n t i t y  on t h e  same s c a l e  

as the  i n p u t  p u l s e  t r a i n  parameters. Thus, i f  we l e t  n ( t )  = 

number i n  t h e  counter  a t  t ime t ,  and ns = maximum number o f  steps 

i n  the counter , then n/ns has the  same s c a l e  as thc  Z-parameter 
o f  t h e  i n p u t ,  p rov ided  we have a two-way counter  and a r e  sampl ing 

as i n  Case Zb, above. Wi th a p p r o p r i a t e  n o r m a l i z a t i o n  f o r  t he  

four  cases, above, we can o b t a i n  t h e  parameters o f  t he  counter  
con ten ts .  

L e t t i n g  W, and Z, be t h e  W-  and Z-parameters o f  the o u t -  

p u t  s i g n a l  ( i . e .  t he  counter  c o n t e n t s ) , r e s p e c t i v e l y ,  and l e t t i n g  
X , ,  Wi ,and Z i  be t h e  X - ,  W-  and Z-parameters, r e s p e c t i v e l y ,  o f  

the  i n p u t  t o  the  counter ,  we o b t a i n :  

t 
nm' 
nS 

l a .  W,, =(-) . .r X,dt ............................... 3 : 5  
C 

l b .  W, = k,X,, a t  end o f  each i n t e r v a l  T .............. 3 : 7  
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2a. W, 

2b. Z n  = [ v z i d t  O r  = yzi I< k .. ................. ... 3:9 

F igu re  2. shows t he  b l o c k  diagram o f  f u n c t i o n a l  b locks 

which per form e q u i v a l e n t  f u n c t i o n s  o f  the f i n i t e  counter  i n  
Case 2b. 6 

I t  i s  c l e a r  t h a t  f u r t h e r  u t i l i z a t i o n  of counter  con- 

t e n t s  may r e q u i r e  convers ion o f  t he  b i n a r y  count  t o  a pu l se  

d e n s i t y  s i g n a l .  Th is  convers ion can be accomplished by f i r s t  

c o n v e r t i n g  t he  normal ized coun te r  va lue  t o  an analog s i g n a l ?  

which can then be used t o  c o n t r o l  a s t a t i s t i c a l  source.  The 

s t a t i s t i c a l  source i s  a dev ice  which pu t s  o u t  pu lses a t  ran-  

dom t imes.  

determined by an i npu t  c o n t r o l  s i g n a l .  

s i g n a l ,  f i n i t e  coun te r ,  and s t a t i s t i c a l  source i s  termed a 

The pu l se  d e n s i t y  o r  du t y  c y c l e  o f  the  dev ice  a r e  

The combinat ion o f  sampl ing l o g i c  and necessary c l o c k  

s t a t i s t i c a l  d e c i s i o n  dev ice  ( S D D ) .  The SDD i s  s o  named because: 

t h e  a l g e b r a i c  s i g n  o f  t he  counter  con ten ts  i s  t he  same (most 

o f  the t ime )  as the  a l g e b r a i c  s i g n  o f  t he  i npu t  s i g n a l ,  and 
t he  r e l a t i v e  du t y  c y c l e  o f  t he  s t a t i s t i c a l  source i s  a measure 
o f  how c o n f i d e n t  we a r e  o f  t he  cor rec tness  o f  t he  equ iva lence 

o f  s i gn .  

t e n t s  as a pu l se  t r a i n .  I f  t he  counter  con ten ts  a r e  f e d  t o  a 

d i g i t a l  t o  ana log conve r te r  and the upper l i m i t  l e v e l  s e t  t o  

correspond t o  t he  ''one" v o l t a g e  and t he  lower l i m i t  l e v e l  s e t  

t o  correspond t o  the  " zero"  vo l tage ,  then t he  r e s u l t i n g  ana log 

s i g n a l  can be viewed as a m u l t i l e v e l  pu l se  d e n s i t y  code. The 

Z-parameter o f  t he  r e s u l t i n g  s i g n a l  bears a r e l a t i o n s h i p  t o  the  

Z-parameter o f  the  i npu t  s i g n a l  which depends on the  v a r i a t i o n s  

i n  the  i npu t  Z .  

There i s  a s imp le r  a l t e r n a t i v e  i n  recod ing counter  con- 

For example, suppose t h a t  t he  Z-parameter o f  the  i n p u t  

s i g n a l  can be expressed as 
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L 

i npu t  h ou tpu t  

- 

(Note :  L i m i t e r  c u t - o f f  determined by number o f  stages 
i n  coun te r  and by parameters o f  coun te r - t o - pu l se  den- 
s i  t y  c o n v e r t e r )  

F igu re  2 .  Equ iva len t  Funct ions  f o r  the F i n i t e  Counter 
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. ZI = a,, + a l  s i n  Znf, t ......................... 3 : l o  

Furt-her-, l e t  a,, vary  s l o w l y  w i t h  t ime: 

To be e x p l i c i t ,  assume t h a t  T i s  t he  obse rva t i on  i n t e r v a l ,  f 

i s  t he  f requency o f  t he  pu l se  d e n s i t y  s i g n a l ,  and f a  t he  f r e -  

quency a t  which a, v a r i e s .  Then, l e t  

1 ’ << - 1 - << T << - 
f f z  f a  

The r a t i o  o f  successive t ime cons tan ts  i s ,  say, 10 or  100 t o  1 .  
Under these assumptions, we can e a s i l y  show t h a t  t he  Z-parameter 

o f  the  ou tpu t  becomes 

2 Z, = ; sin- ’  (ao/al) .............................. 3:11 

Proo f  f o l l o w s  r e a d i l y  f r o m  t he  f a c t  t h a t  the  du t y  c y c l e  o f  

the ou tpu t  i s  equal t o  t he  r a t i o  o f  the  t ime the s i g n a l  i s  p o s-  
i t i v e  t o  t he  t o t a l  t ime i t  i s  observed. For s i m p l i c i t y ,  t h i s  

i n t e r v a l  can be se t  e x a c t l y  t o  one c y c l e  o f  t he  f, s i g n a l .  Then 

the t ime  the s i g n a l  i s  p o s i t i v e  depends on the  b i a s  l e v e l ,  a,, 

and on the amp l i tude  o f  t he  s i ne  wave: 

From t h i s  we ge t  

2 Z = 2~ . 1 = - s in - l ( a , / a l )  ..................... 3 : 1 3  
TI 

Equat ions 3:12 and 313 do n o t  h o l d  f o r  complex waveforms 

and no  general  r u l e  can be dev ised f o r  t he  slow v a r i a t i o n  case. 
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i f  the i n p u t  t o  a counter  i s  v a r y i n g  i n  s i g n  a t  a speed 
g r e a t e r  than the  r e c i p r o c a l  o f  t h e  o b s e r v a t i o n  i n t e r v a l ,  then 
the  counter  a c t s  as a t r a n s p o r t  l a g .  

where A t  i s  approx imate ly  equal t o  the t o t a l  number o f  s teps  
i n  t h e  counter  t imes the  sampl ing p e r i o d .  

Z , ( t )  = Zi ( t - A t )  .................................... 3:14 

3.4 Mathematical  Funct ion  Mechanizat ion 

Since p u l s e  d e n s i t y  codes a r e ,  i n  eng ineer ing  terms, 

mere ly  c a r r i e r s  o f  ana log - -va r iab le  i n f o r m a t i o n ,  one i s  immedi- 

a t e l y  d i r e c t e d  toward p o s s i b l e  methods o f  a c h i e v i n g  o r d i n a r y ,  
m a t k m a t i c a l  o p e r a t i o n  on the  i n f o r m a t i o n  conveyed by a p u l s e  

d e n s i t y  code. The two " n a t u r a l "  opera t i ons  on p u l s e  codes a r e  

r n u l t i p l  i c a t i o n  and i n t e g r a t i o n ,  i n  t h a t  these two o p e r a t i o n s  

can be achieved w i t h  r e l a t i v e l y  few components. The f o l l o w i n g  
i s  a summary o f  d i g i t a l  c i r c u i t  mechanizations o f  the  b a s i c  math- 

emat i ca l  o p e r a t i o n s  o f  a d d i t i o n ,  s u b t r a c t i o n ,  r n u l t i p l  i c a t i o n ,  

d i v i s i o n ,  i n t e g r a t i o n ,  and d i f f e r e n t i a t i o n .  I n  a d d i t i o n  t o  these 

b a s i c  mathematical  ope ra t i ons ,  the  l o g i c a l  ope ra t i on  o f  s ign  de- 

t e c t i o n  i s  f r e q u e n t l y  d e s i r a b l e .  Th is  l a t t e r  o p e r a t i o n  i s  the  

same as a t h r e s h o l d  d e t e c t o r  and i s  o f t e n  used i n  a d a p t i v e  sys-  

tems. The e lementary t h r e s h o l d  d e t e c t o r  i s  a s p e c i a l  case o f  

the s t a t i s t i c a l  d e c i s i o n  maker (Ref .  3 ) .  Together,  these opera-  
t i o n s  o f  (+ ,  -, x ,  +, J', =," ) c o n s t i t u t e  a v e r y  power fu l  rep-  

e r t o i r e  from which a lmost  any d e s i r e d  l i n e a r  o r  n o n l i n e a r  func-  

t i o n ,  mathematical  l o g i c a l  , can be cons t ruc ted .  

3.4.1 A d d i t i o n  and S u b t r a c t i o n  

A d d i t i o n  can be d e r i v e d  d i r e c t l y  f rom the  g e n e r a l i z e d  

Boolean f u n c t i o n  o f  two v a r i a b l e s .  For an a r b i t r a r y  Boolean 

f u n c t i o n  o f  two v a r i a b l e s ,  we know t h a t  

y = SijXIXd i s  ........................................ 3: 1 5  
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The decodin!) theorem for  p u l s e  d e n s i t y  i s  t h a t  t h e  d e n s i t y  W, i s  

equal  to t h c l  riuriibci- of- "ones" over  a u n i t  t i m e .  S i n c c  t he  four 
I i j  ni intci-nis,  x ,  xp- I ,  a r e  independent,  i t  i s  c l e a r  thclt t h e  s .  x1 x, 

a r e  l i k e w i s e  independent .  Hence, we can p r o p e r l y  add t h e  i n d i v i -  

dua l  minterms m u l t i p l i e d  by t h e i r  r e s p e c t i v e  c o e f f i c i e n t s .  To 

t h i s  we must add t h a t  i f  x2 = x;, then  i n  terms o f  p u l s e  d e n s i t y  

I j  

Thus, fo r  a p u l s e  d e n s i t y  coded s i g n a l ,  we have 

w3 = ~ I W l W ,  + S & ( l - W , >  + S 3 ( 1 - W ) W 2  + ~ 4 ( l - w ~ ) ( 1 - w ~ )  
................ 3:17 

where 

54  -i s o ,  

and where i'dli i s  read "corresponds t o " ,  f o r  an a r b i t r a r y  f u n c t i o n a l .  

From t h e  above, we have 

w3 = (SI - sa  -s3 +s4 )W,W, + w, ( s a  -s$ ) + w, (s, -5, ) + s4 

................ 3:18 
For a pure  a d d i t i o n ,  

s, = 0 

s, - s, - s3 = 0 

s, = 53 

1 
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o r  

Sa = s:, , s* = 0 ,  5 ,  = - (s ,+s,  1, 5, = 1 7  -52 = s3 = 3 1 

From these r e l a t i o n s h i p s ,  we have 

w3  = i (w ,  + wz) ..................................... 3: 19 

In  t e r m s  o f  the  Z-parameter,  we have 

23  = $(z, + z,) ..................................... 3:20 

And, i n  t e r m s  o f  g a t i n g  l o g i c ,  we have 

c = ab U ( $ ) ( a b '  U a ' b )  ............................. 3:21 

as shown i n  F igu re  3.  S ince complementation imp l i es  nega t ion  f o r  

the Z-parameter,  we see t h a t  s u b t r a c t i o n  can be ach ieved by com- 

p lement ing  the v a r i a b l e  o f  i n t e r e s t  p r i o r  t o  adding.  As a m a t t e r  

o f  d e t a i l ,  we no te  a H f o r  the  W-parameter i s  the  same as a " zero"  

f o r  the  Z-parameter.  

1 

We summarize a d d i t i o n  and s u b t r a c t i o n  as f o l l o w s :  the 

l o g i c a l  g a t i n g  c i r c u i t r y  i s  as shown i n  F igu re  3a. A d d i t i o n  and 
s u b t r a c t i o n  we denote s y m b o l i c a l l y  by means o f  a box w i t h  s igned 

i npu t s  as shown i n  F igu re  3b. I n  the case o f  s u b t r a c t i o n ,  the 

v a r i a b l e  must be complemented p r i o r  t o  i n t r o d u c t i o n  i n t o  the ad-  

d i t i o n  o r  summation box. The ex tens ion  t o  n v a r i a b l e s  i s  s i m -  

p l e ,  b u t  t he re  appears t o  be no hardware savings ach ieved by  add- 

ing n terms a t  once over  add ing them p a i r w i s e .  

3 .4 .2  M u l t i p l  i c a t i o n  

M u l t i p l i c a t i o n  o f  W-parameters i s  ach ieved u s i n g  an o r d i n -  

a r y  ' 'AND''  gate.  M u l t i p l i c a t i o n  o f  Z-parameters i s  ach ieved w i t h  
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( a )  Log i c  Gat ing f o r  A d d i t i o n  

a1 

a2 

For 

Fo r  

( b )  

two i npu ts :  Z, = $(z, + z,) 
1 n  = -  n inpu ts ;  Z n + l  n (E z ; )  

I = 1  

N o t a t i o n  f o r  A d d i t i o n  f o r  B lock  Diagrams 

F igure  3 .  Gat ing  Log ic  and B lock  Diagram Symbol f o r  A d d i t i o n  o f  
Pulse Dens i t y  S igna ls .  
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a complemented " e x c l u s i v e  OR" , i.e, by g a t i n g  o f  t h e  f o r m  

. c = ab + a r b f  .. ;........... .......................... 3:22 

F igu re  4 i n d i c a t e s  t h e  n o t a t i o n  f o r  m u l t i p l i c a t i o n .  The cun- 

t e n t s  o f  M depend upon whether we choose t o  m u l t i p l y  the  W -  
parameter  o r  the Z-parameter.  

3.4.3 D i v i s i o n  

D i v i s i o n  cannot  be ach ieved  d i r e c t l y  by g a t i n g  l o g i c ,  

s i n c e ' i t  is  nonconse rva t i ve  w i t h  respec t  t o  t h e  ( 0 ,  1 )  o r  

( - 1 ,  + 1 >  range. However we can ach ieve  d i v i s i o n  by  n u l l i n g  t he  

e r r o r  o f  m u l t i p l i c a t i o n :  36 

\ 
i f  

a c = ............................................. 3:23 

then 

a = bc ............................................. 3:24 

Hence, a f t e r  t r a n s i e n t s  have subs ided,  t h e  c i r c u i t  in  F i g u r e  Sa 

has an o u t p u t  t h a t  i s  t h e  r a t i o  o f  i t s  t w o  i n p u t  v a r i a b l e s .  To 

prove t h i s ,  l e t  

a = b c * .  ........................................... 3:25 

i f  

a . b c * =  0 ........................................ 3:26 

then 

c = c* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3:27 

The e r r o r ,  E ,  d r i v e s  t he  r e g i s t e r ,  r ,  up u n t i l  t h e  p roduc t  o f  

i t s  o u t p u t  w i t h  b i s  equa l  t o  a .  Note t h a t  even i f  t h e  r e g i s t e r  

f I 1  -26 



w, = w, w, 

( a )  Gat ing Log i c  f o r  M u l t i p l i c a t i o n  o f  W-parameters o f  
Pulse Codes. 

z3 = Z,Za  

( b )  Gat ing Log i c  f o r  M u l t i p l i c a t i o n  o f  Z-parameters o f  
Pulse Codes. 

U 
( c )  A l t e r n a t i v e  B lock  Diagram Notat ior  

(Note:  Gat ing  Log i c  i n  M depends 
as i n d i c a t e d  above.) 

s f o r  M u l t i p l i c a t i o n  

on des i red pa rame t e  r , 

F igure  4. Gat ing Log ic  and B lock  D agram Symbols f o r  
Mu1 t i p 1  i c a t i o n  o f  Pulse Dens i ty  S igna ls .  
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a 

C 

b 

( a )  Log ic  Diagram f o r  D i v i s i o n  o f  Pu lse Dens i ty  S igna ls  

a 

C 
b 

( b )  B lock  Diagram N o t a t i o n  f o r  Pulse Dens i t y  i gna l  D i v i d e r  

F igure  5 .  Gat ing Log i c  and Block Diagram Symbol f o r  
D i v i s i o n  of Pulse Dens i t y  S igna ls  
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Is accura te  t o ,  say, one p a r t  i n  1 6 ,  t h a t  t he  i n t e g r a t e d  va lue  

, o f  c may be more accu ra te ,  s ince  r w i l l  t end  t o  o s c i l l a t e  be-  

tween two l e v e l s  i f  a l i e s  between these t w o ,  p rov ided  t h a t  

t he  p e r i o d  o f  i n t e g r a t i o n  (decoding p e r i o d )  f o r  t he  pu l se  code 

i s  much longer  than t h e  c l o c k  p e r i o d  f o r  t h e  r e g i s t e r .  

We w i l l  denote d i v i s i o n  b y  a f u n c t i o n a l  box, as shown 
in F igure  5b. 

3.4.4 I n t e g r a t i o n  

I n t e g r a t i o n  i s  accomplished n a t u r a l l y  by a two-way, up-  

down coun te r  as  we i n d i c a t e d  i n  Sec t ion  3 . 2 . .  However, f o r  a 

t r u e  i n t e g r a t i o n ,  the sampling c l o c k  must run a t  the  same speed 

as t he  incoming p u l s e  t r a i n .  Th i s  i s  d i f f i c i i r l t  t o  accompl ish 

i f  the  pu l se  d e n s i t y  s i gna l  is asynchronous w i t h  the  clock. 

Whi le the  con ten t  o f  the  coun t i ng  r e g i s t e r  i s  a number 

equal o r  p r o p o r t i o n a l  t o  t he  i n t e g r a l  o f  t he  incoming s i g n a l ,  

i t  i s  i n  number fo rm .  H e r e a f t e r ,  we w i l l  assume t h a t  a b i n a r y -  

t o - pu l se  d e n s i t y  conve r te r  i s  a lways a p a r t  o f  any i n t e g r a t o r  
so t h a t  t he  i n t e g r a l  i s  a v a i l a b l e  as  ano ther  pu l se  d e n s i t y  s i g -  

n a l ,  as  i n d i c a t e d  i n  F igure  6. 

I t  i s  e s s e n t i a l  f o r  a t r u e  i n t e g r a t i o n  t h a t  t he  c l o c k  

f requency of the  coun te r  i npu t  l o g i c  be equal t o  t h e  pu l se  

r e p e t i t i o n  r a t e  o f  the  i npu t  s i g n a l .  Otherwise,  t he  coun te r  

va lue  would mere ly  be p r o p o r t i o n a l  to ,  b u t  n o t  equal  t o ,  the  

i n t e g r a l  o f  the  i n p u t  s i g n a l .  A l s o  i t  i s  necessary f o r  the  
d i g i t a l - t o - p u l s e  d e n s i t y  conve r te r  t o  have a 1 i nea r  t r a n s f e r  

f u n c t i o n ,  s i nce  t h i s  f unc t i on  w i l l  have a s  i t s  argument the  

coun te r  con ten ts  

3.4.5 D i f f e r e n t i a t i o n  

D i f f e r e n t i a t i o n  cannot be ach ieved i n  a d i r e c t  manner. 
The s i m p l e s t  method o f  I a c h i e v i n g  d i f f e r e n t i a t i o n  i s  by  an inverse  
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C 

d t  

( a )  L o g i c  Requi red f o r  a Pu lse D e n s i t y  S igna l  I n t e g r a t o r  

C 
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i n t eg ra t ion .  From Figure 7 ,  and from t h e  usual ru le  f o r  feed-  
back systems, w e  have 

k 

1 f-.- 

- 
.............................3:28 x*, = S 

s s  

o r  

x*= l+k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 : 3 0  

As k becomes l a rge ,  f o r  bounded s 

a 
5 - 4  k 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 : 3 1  

so t h a t  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 : 3 2  

o r  

N .  >;* - x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 : 3 3  

It is apparent t h a t  the re  is a r e l a t ionsh ip  between k and an 
observation per iod ,  T .  
u l a t ion  frequencies  above w i  1 1  b e  neg l  i g i b l e  and t h e  approx- 
imation should b e  f a i r l y  good. 

By s e l e c t i n g  k s u f f i c i e n t l y  l a r g e ,  mod- 
1 

3.4.6 Lead-Lag F i l t e r i n g  

T h e  equiva lent  of lead- lag f i l t e r i n g  of i n p u t  s i g n a l s  
can b e  achieved w i t h  a modification of t h e  c i r c u i t r y  required 
f o r  in tegra t ion  and d i f f e r e n t i a t i o n .  For t h e  f i l t e r  whose La- 
place transform is 

1 + 7 1 s  
14-72 s 
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we know t h a t  

! + T I S  x ( s )  ................................. 3:34 ’(’) = 1 + T a s  

o r  

y + 72; = x + 71.”; ................................. 3:35 

I n t e g r a t i n g  bo th  s i des  o f  the  equa t i on ,  we o b t a i n  

y d t  + 72y = x d t  + T ~ X  ........................... 3:36 s f 
Since the  above f u n c t i o n s  a r e  a l l  e a s i l y  mechanized, the  lead-  

l a g  f i l t e r  can be ob ta ined  as shown i n  F igu re  8. 

3.4.7 S i q  De tec t i on  

Sign d e t e c t i o n  i n  a pu l se  d e n s i t y  code i s  compl i ca ted  by 

t he  f a c t  t h a t  pu l se  occurrence i s  random, r a t h e r  than regu la r .  

Pulse w i d t h  modula t ion codes a r e  an excep t i on  t o  t h i s  r u l e ,  and 

s i g n  d e t e c t i o n  i n  a pu l se  w i d t h  code r e q u i r e s  convers ion t o  ana- 

l o g  w i t h  s i g n  d e t e c t i o n  be ing  performed i n  the ana log  domain. 

However, a coun te r  can be used t o  d e t e c t  t he  s ign  o f  a random, 
pu l se  d e n s i t y  s i g n a l  as  d iscussed i n  Sec t ion  3.3.  Since,  on the  

average,  the  count  r a t e  o f  a coun te r  f e d  by  a pu l se  d e n s i t y  s i g -  
n a l  i s  p r o p o r t i o n a l  t o  t he  va lue  o f  the  W-parameter, then a 

coun te r  w i l  1 ,  on t he  average, have as i t s  con ten ts  a number o f  

t he  same s i g n  as t he  i n p u t  s i g n a l .  Shor t  run s t a t i s t i c s  can, 

o f  course,  produce a reve rsa l  o f  s i g n  i n  a coun te r ,  b u t  t h e  

g r e a t e r  t he  maximum number t h e  r e g i s t e r  can h o l d ,  t he  l e s s  l i k e l y  

t h a t  the  coun te r  w i l l  have an i n c o r r e c t  s i gn .  We w i l l  denote a 

s i g n  d e t e c t o r  as  i n d i c a t e d  i n  F igure  9 .  
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Figure! 9. Notation fo r  a Sign Detector  



4. * EFFECTS OF UNBIASED NOISE 

We d e f i n e  unbiased n o i s e  pu lses  as  a number ( p e r  u n i t  

t ime)  o f  ' ' i n c o r r e c t ' '  pu lses  w i t h  the p r o p e r t y  t h a t  ( i n  Z-param- 

e t e r  terms)  

l i m  ST n d t  = 0 .  
' T - a  

0 

where 

n i s  +1 i f  t he  n o i s e  p u l s e  i s  p o s i t i v e  

- 1  i f  the  n o i s e  p u l s e  i s  n e g a t i v e  

i.e., the  average number o f  i n c o r r e c t  pu lses  w i t h  p o s i t i v e  s i gn  

equals  t h e  average number o f  i n c o r r e c t  pu lses  w i t h  nega t i ve  

s i g n ,  independent o f  t h e  va lue  o f  the  s i g n a l .  

I f  f i s  t he  f r a c t i o n  o f  no i se  pu lses  (o f  e i t h e r  s i g n )  

o u t  o f  t h e  t o t a l  number o f  pu lses  pe r  u n i t  t ime,  then 

( 1  - 2 f )  + f - - 
'(s ignal  + No ise)  ' ( s igna l )  

- 
and . 

( 1  - 2 f )  - - 
' (s igna l  + no i se )  ' ( s i g n a l )  

I n  o t h e r  words, n o i s e  mere ly  serves t o  a t t e n u a t e  a s i g n a l ,  b u t  

does n o t  change the  s i gn  of t he  Z-parameter, p rov ided  the  s i g -  

n a l - t o - n o i s e  r a t i o  i s  l ess  than u n i t y .  I n  terms o f  s i g n a l - t o -  

n o i s e  r a t i o ,  s / n ,  we n o t e  t h a t  
n 1 f = - =  

s+n I+s /n  

-'> - 
' (s igna l  + n o i s e )  - ' ( s i gna l )  s~n+l 
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5. . THE PSV ALGORITHM 

The a l g o r i t h m  f o r  the  incremental  PSV system i s  a gen- 

e r a l  scheme among many f o r  l e a r n i n g  machines. I n  t h i s  s e c t i o n  

we w i l l  analyze the  a l g o r i t h m  under the  assumption o f  i n f i n i t e l y  

long p and u r e g i s t e r s .  A l though t h i s  assumption i s  n o t  v a l i d  

f o r  t h e  s e l f - o r g a n i z i n g  c o n t r o l l e r ,  i t  i s  i nc luded  here f o r  

comp 1 e t e  ne s s . 

5.1 D i f f e  ren -..---- t i a  1 Equat ions _I 

The PSV a l g o r i t h m  i s  e a s i l y  s t a t e d  i n  t e rms  o f  the  opera-  

t i o n s  on pu l se  codes. F igu re  10 shows the  general  f l ow  o f  s i g -  

n a l s  i n  the  PSV module. As i t  i s  con f i gu red ,  the  l o g i c  p r e -  

ceding the  p r e g i s t e r  i s  the same as the MULTIPLY .opera t ion  f o r  

the  Z-parameter of a pu lse  d e n s i t y  code. Hence, t he  PSV can be 

descr ibed by two equat ions :  

k z f ( p I  ......................... 5:l 

......................... 5:2  

where k l  and ka a r e  p r o p o r t i o n a l  t o  t h e  c l o c k  r a t e s  i n  the sam- 

p l  i ng  gates  f o r  the  counters .  

the  t r a n s f e r  f u n c t i o n  o f  the conve r t e r  f rom the b i n a r y  number, 

p ,  t o  pu lse  d e n s i t y  s i g n a l s .  To a f a i r  approx imat ion ,  the  t r a n s -  

f e r  f u n c t i o n  o f  the  s t a t i s t i c a l  source i s  

The f u n c t i o n ,  f ( p ) ,  depends on 

f ( p )  = k tan  (p/pmax) 

where 

........................ 5:3 

= maximum number i n  t he  p r e g i s t e r  Pmax 
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. k = sca le  f a c t o r  dependent on t he  b i a s  v o l t a g q  i n  the 

s t a t  i s t i ca 1 source . 

I f  the s t a t i s t i c a l  source i s  rep laced  by  a s i g n  d e t e c t o r ,  then 

5 :4 
f ( p )  = d p >  = “(P/Pmax) ..................... 

where a( ) denotes t he  signum o r  s i g n  f u n c t i o n .  A l though n o t  
g r e a t l y  r ea l  i s t i c , ’  we c o u l d  s e t  

.................... 5 :s  

i .e . ,  use a l i n e a r  f u n c t i o n ,  t o  g e t  an idea o f  the  general  cha r -  

a c t e r  o f  the  s o l u t i o n .  

A v a r i a t i o n  on the  b a s i c  PSV a l g o r i t h m  i s  shown i n  

F igu re  1 1 .  
be ana lyzed as f o l l ows :  

T e n t a t i v e l y ,  we have concluded t h i s  c i r c u i t  can 

L e t  d i  = count  r a t e  f o r  t he  u r e g i s t e r  a t  i n s t a n t  o f  t ime 
i 

= count  r a t e  f o r  the  u r e g i s t e r  a t  i n s t a n t  o f  i + 1  U 

t ime i+l 

Assume t h a t  the  de lay  i s  one u n i t  o f  t ime.  Then 

= k v i i i  i+l d 

where k i s  dependent on the  c l o c k  ra te .  But  

tdhe re  

T = de ay t ime 
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Hence 

5:2 

1 oop 

have 

From 

Hence, 

Open-Loop S o l u t i o n s  

I f  the  dependence o f  v on u i s  neg lec ted ,  we g e t  the  open- 

s o l u t i o n s  f o r  t he  P S V .  Taking f i r s t  the  l i n e a r i z e d  PSV,  we 

from Equat ions 5:1 ,  5 :Z,  and 5:s (assuming long reg i s te ' r s )  

i~ = ka kp/pmax ........................ 5 :7  
0 

= klv; .......................... 5:8 

Equat ion 7:8 

u = -  ' kak ( k l v u  + P O )  
Pmax 

........................5:9 

. . . . . . . . . . . . . . . . . . . . , S : l O  

o r  

u =  * kkl k a v  (u + e) ............................5:11 
Pma x 

u =  k k l  kz v 
Po ?ma x 
k i  v U +- 

............................ 5:12 

1n(u + %)= k k l k z v  t + lnuo  ................... 5:13 
Pma x 

k k l  kav = - L +  uoe 
ki v Pmax 
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Since v i s  the  s i gn  o f  a v a r i a b l e ,  then 

- -  1 - v  .............i.......*........*.....5:15 V 

l 

and, hence 

5 1 6  ...................... k k7.k~ v u = - PnV + uoe  
k i  Pma x 

From Equat ion 5:16 we can observe t h a t  us i s  an exponent ia l  func-  
t i o n  t h a t  b u i l d s  up o r  decays accord ing  t o  whether v is p o s i t i v e  

..’. r n e g a t i ve , re  s pe c t i ve 1 y . 
The PSV w i t h  a tangent approx imat ion  f o r  the  s t a t i s t i c a l  

source t r a n s f e r  f u n c t i o n  can a l s o  be so lved  i n  the open- loop 

case : 

= k2 tan  p/pmax ............................. 5:17 

6 = klvG ............................... 5:I8  

o r  

p = k l v u  + PO . . . . . . . . . . . . . . . . . . . * . * . * . . . . . .s  :19 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  :20 k1 VU+Po 1 = ka  tan  ( 
Pmax 

- k, ksv 5:21 
‘1 v’ /Pma.x - ........................ 

Pmax 
tan (k,vu+po) Pmax 

I n  s i n  fk’vu + A) = k1k2v t + 1nA ............ 5:22  
Pmax Pma x Pmax 

................. 5 : 2 3  1 kl. ka ‘1 k l v u + ~ o =  s i n  - l [Ae ‘ Pmax 

Pmax Pma x 
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in- ............ 5 : 2 4  3 Pmaxv u = - B o v + -  
ki k l  

l%e cas* of f ( P )  = a( 
the open- loop case: 

.................................. ii = k2 a(p/pmax 1 5: 25 

6 = klv; .........*..................(... ~ : 2 4  

p = k r vu  + PO .............................. 5:27 

= k2cr(k1VU+po) ............................ 5:28 
Pmax 

I f  we s e t  

then 

ii 1 k 2 a G b )  ............................. 4 : 2 9  
max 

Since v i s  a a - f u n c t i o n ,  

6 = kzvc(,klU) .............................. 5:30 
rnax 

From Sect ion  3.3,  we know t h a t  the  CT f u n c t i o n  decodes as 

the t ime i n t e g r a l  o f  t he  Y-parameter o f  t he  inpu t  s i g n a l .  Hence, 

the s t a t i s t i c a l  Source mere ly  serves t o  conver t  a pu lse  w i d t h  

modula t ion  t o  a p u l s e  dens i t y .  The f i n a l  u r e g i s t e r  conver ts  the 

pu lse  d e n s i t y  back t o  a m u l t i l e v e l  pu lse  w i d t h  modula t ion .  Since 
‘1 and Pma, a r e  bo th  p o s i t i v e ,  we have 

G = ~ ~ V C T ( U )  .......................... 5:31 

and 
I 



kzvu .......................... 5:33 

. . e . . . . . . . . . . . .  4 ' . . .  5:34 kzvt u = uoe 

Finally, the statistical source removal equation is similar to 
the linearized case and can be solved as f o l l o w s :  
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